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We study the important problem of how a supplier should optimally share the consequences of demand uncertainty (i.e., the
cost of inventory excesses and shortages) with a retailer in a two-level supply chain facing a finite planning horizon.
In particular, we characterize a multiperiod contract form, the promised lead-time contract, that reduces the supplier’s risk
from demand uncertainty and the retailer’s risk from uncertain inventory availability. Under the contract terms, the supplier
guarantees on-time delivery of complete orders of any size after the promised lead time. We characterize the optimal
promised lead time and the corresponding payments that the supplier should offer to minimize her expected inventory cost,
while ensuring the retailer’s participation. In such a supply chain, the retailer often holds private information about his
shortage cost (or his service level to end customers). Hence, to understand the impact of the promised lead-time contract
on the supplier’s and the retailer’s performance, we study the system under local control with full information and local
control with asymmetric information. By comparing the results under these information scenarios to those under a centrally
controlled system, we provide insights into stock positioning and inventory risk sharing. We quantify, for example, how
much and when the supplier and the retailer overinvest in inventory as compared to the centrally controlled supply chain.
We show that the supplier faces more inventory risk when the retailer has private service-level information. We also
show that a supplier located closer to the retailer is affected less by information asymmetry. Next, we characterize when
the supplier should optimally choose not to sign a promised lead-time contract and consider doing business under other
settings. In particular, we establish the optimality of a cutoff level policy. Finally, under both full and asymmetric service-
level information, we characterize conditions when optimal promised lead times take extreme values of the feasible set,
yielding the supplier to assume all or none of the inventory risk—hence the name all-or-nothing solution. We conclude

with numerical examples demonstrating our results.
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1. Introduction

Consider a supply chain with a supplier and a retailer.
Both firms face positive replenishment lead times. Inven-
tories at both locations are managed periodically over a
finite planning horizon. Customer demand is satisfied only
through the retailer. The objective of each firm is to min-
imize the ordering, holding, and shortage costs over the
planning horizon due to demand and supply uncertainty.
In such a supply chain, the supplier prefers the retailer to
place orders well in advance of his requirement. However,
the retailer prefers the supplier to fulfill orders immediately
without facing any backlog at the supplier’s site. Hence,
the supply chain faces an incentive problem in which both
the supplier and the retailer want the other party to bear the
consequences of demand uncertainty. How should this sup-
ply chain’s inventory be managed?

To address the need for proper sharing of expected inven-
tory cost, we consider a promised lead-time contract. Under
this contract, the retailer places advance orders with the
supplier. The supplier guarantees shipment of each order
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on time and in full after a promised lead time. A prom-
ised lead-time contract eliminates the retailer’s risk from
uncertain supply, but extends the retailer’s forecast hori-
zon beyond his standard replenishment lead time. This
contract also provides the supplier with advance orders,
thereby decreasing her risk from uncertain demand. A cost-
benefit analysis of this interaction, and the resulting inven-
tory costs, determine who pays for the promised lead-time
agreement.

Single-sourcing relationships rely on issues such as con-
tingency planning, inventory, and on-time delivery, so the
study of promised lead-time contracts is both relevant and
timely (Hauser 2003). Billington (2002) and Cohen et al.
(2003) report that among the most common forms of con-
tracts are those specifying lead times. Also, because plan-
ning systems such as MRP (materials resource planning)
stipulate a delivery lead time, purchasing agents are often
driven by a delivery lead time when placing orders. These
business processes require firms to agree on delivery lead
times—hence the name promised lead time.
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In this paper, we characterize the optimal promised
lead time and the corresponding payment that the sup-
plier should offer to minimize her expected inventory cost
while ensuring the retailer’s participation. To do so, we
first characterize both firms’ optimal stocking and replen-
ishment decisions under a given promised lead-time con-
tract. To understand the impact of the promised lead-time
contract on the supplier’s and the retailer’s performance,
we study the supply chain under three control mechanisms:
central control, local control with full information, and
local control with asymmetric information. By comparing
the results under these different control and information
scenarios, we also provide insights into stock positioning
and inventory risk sharing.

Under central control, the two-stage system’s inventory
and information is managed by a single decision maker.
The manager optimally allocates inventory to minimize the
overall expected inventory cost. Hence, this system does
not face the aforementioned incentive problem. Clark and
Scarf’s (1960) seminal paper addresses how to optimally
manage this serial system. In this paper, we provide closed-
form solutions for allocating inventory to each stage. These
solutions are new and provide insights into stock posi-
tioning through simple spreadsheet calculations. They also
serve as a comparison point for a supply chain under local
control, which is the main focus of this paper.

Under local control with full information, each firm
locally controls its own inventory. The supplier offers the
promised lead-time contract while having full informa-
tion about the retailer’s inventory-related costs. We show
that the optimal promised lead time is decreasing in the
retailer’s shortage cost or, equivalently, his service level
to end customers. In other words, the supplier optimally
faces larger inventory cost when working with a retailer
who provides high service to customers. We show the con-
ditions under which the supplier’s choice of promised lead
time generates the supply chain optimal promised lead-time
contract. We also characterize the optimal stocking levels
under this regime. By comparing these results to the central
control case, we quantify how much and when the supplier
and the retailer over- or underinvest in inventory.

Under local control, another incentive problem may
arise. Specifically, the retailer can influence the sup-
plier’s contract design by exaggerating the severity of
his inventory-related costs from demand uncertainty. The
inventory holding costs are relatively easier to assess
because they are mainly based on factors observable to
the public. However, companies often state shortage cost
as a strategic cost never to be revealed to competitors and
suppliers. During our interactions with a telecommunica-
tion equipment distributor and a data storage technology
provider, we observed that these two firms employ different
accounting formulas that describe shortage cost. The inputs
to these formulas are mainly classified under two categories
of data: market specific and company specific. The market-
specific factors influencing a retailer’s unit shortage cost

consist of factors such as customer patience and the amount
of goodwill loss. The confidential company-specific factors
stem from the opinions of executives regarding the com-
pany’s competitive strategy, market position, and assess-
ment of inventory risks. These factors are not observable
by other firms. The retailer translates both market-specific
and company-specific factors into shortage cost by using a
formula that is also unobservable to the other firms. Hence,
the retailer often keeps private information regarding his
shortage cost. We refer to this case as asymmetric short-
age cost information. Throughout the paper, we use service
level and shortage cost interchangeably because in our set-
ting a service level implies a shortage cost, and vice versa.

Under the aforementioned asymmetric information case,
the supplier may first try to obtain the cost information,
either by asking the retailer or by observing the retailer’s
replenishment orders. However, we show that the retailer
has an incentive to exaggerate his service level when asked
for this information. We also show that the supplier cannot
learn the retailer’s service level by observing retailer orders
over time. Hence, credible information sharing is not possi-
ble without a proper incentive mechanism. In this paper, we
structure a contract mechanism that the supplier can offer to
obtain credible service-level information while minimizing
her inventory-related cost over the planning horizon. Under
this mechanism, the supplier offers a menu of promised
lead times with corresponding payments to the retailer. The
retailer voluntarily chooses a promised lead time 7 and
pays K(7) each period to guarantee contract terms. We
also compare the resulting inventory costs and allocation
under this mechanism to those under the full-information
scenario. This comparison provides insights into the value
of knowing the retailer’s service level through the use of
technologies such as RFID (radio frequency identification
device) and compliance management systems.! We also
compare the resulting inventory allocation to those under
central control.

Next, we characterize when the supplier should optimally
forgo establishing a supply chain by inducing the retailer
to sign a promised lead-time contract. This situation arises
when the supplier is not willing to incur an inventory cost
that is larger than her reservation cost. In particular, we
show that the supplier optimally induces the retailer to sign
the promised lead-time contract only when the retailer’s
service level to end customers is lower than a cutoff level.
We also show that the cutoff level is increasing in both
the supplier’s and the retailer’s reservation costs. In addi-
tion, we characterize the optimality of the cutoff policy.
Finally, we characterize the conditions under which opti-
mal promised lead times under both full and asymmetric
service-level information take extreme values of the feasi-
ble set, yielding the supplier to assume all or none of the
inventory risk; i.e., an all-or-nothing solution. We conclude
with numerical examples demonstrating our results.

The remainder of this paper is organized as follows.
In §2, we review related research. In §3, we explicitly
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describe the supply chain model and the promised lead-
time contract. In §4, we formulate the problem under
central control. In §5, we study the supplier’s and the
retailer’s inventory decisions under a promised lead-time
contract. We analyze the supplier’s optimal promised lead-
time contract under local control with full and asymmetric
service-level information. In §6, we compare the resulting
inventory levels under local control to those under central
control. In §7, we study a special case: an all-or-nothing
type inventory risk-sharing agreement. In §8, we provide
numerical examples. Finally, in §9, we conclude.

2. Literature Review

Effective inventory management and sharing the con-
sequences of demand uncertainty among supply chain
members over a planning horizon is one of the most funda-
mental and important problems in operations management.
However, the literature on contracting to share inventory
risk mainly considers a single-period interaction in a two-
level supply chain (Cachon 2003). To the best of our
knowledge, Cachon and Zipkin (1999) is the first paper
that provides contract mechanisms designed for two firms
facing a long inventory-planning horizon. In this respect,
our paper is related to theirs. However, we address a
finite-horizon problem under information asymmetry and
consider a different contract mechanism. They study an
average cost criterion under full information, but they also
consider competition. In their paper, the retailer faces short-
ages due to supply restrictions at the supplier. The supplier
pays a fraction of the penalty cost for shortages to the
retailer. In our paper, the retailer is guaranteed ample sup-
ply. Essentially, the contract mechanism, information, and
supply chain structures studied in our and their papers
are different. Lee and Whang (2000) and Porteus (2000)
also study incentive issues in a serial supply chain. Lee
and Whang discuss how Clark and Scarf’s (1960) optimal
replenishment policy for a centrally managed serial system
can be implemented by managers located in each stage.
Porteus (2000) provides a way of implementing the scheme
in Lee and Whang (2000). Unlike our paper, both of these
papers assume that a central decision maker first determines
the optimal inventory control policy. They also assume that
inventories and cost information at each location are mon-
itored and shared among all managers in the supply chain.

Full information, central control, and monitoring are
strong assumptions. Often, supply chain partners hold pri-
vate information. The informed partner may use this infor-
mation to improve profits, at the expense of the other
partner. The less-informed partner can solve an adverse
selection, or screening problem, to devise an optimal con-
tract mechanism that minimizes information rent. Examples
of adverse selection problems in the operations literature
can be found in Cachon and Lariviere (2001), Corbett
(2001), Ha (2001), Ozer and Wei (2006), and Cachon and
Zhang (2006). For a comprehensive survey, we refer the

reader to Chen (2003). Within this stream of literature,
the closest work to ours is the work of Corbett (2001).
The author considers optimal contracts between a supplier
and a retailer following a (Q,r) inventory control pol-
icy to minimize average cost. The supplier chooses the
batch size Q; the retailer determines the reorder point r.
When the retailer has private information about his back-
order penalty cost, the supplier offers an optimal contract
mechanism while screening the retailer’s type. Similar to
Corbett (2001), we study the impact of information asym-
metry regarding the backorder penalty cost.

Most supply chain papers on screening implicitly assume
that the principal wants to induce the agent to establish
a supply chain by agreeing to the contract terms. In this
paper, we also consider the supplier’s (the principal’s) par-
ticipation constraint explicitly as in Corbett and de Groote
(2000) and Ha (2001). These authors characterize cutoff
level policies. As in Ha (2001), we also characterize the
optimality of the cutoff policy. Incidentally, management
consultants also identify the need to segment retailers with
differing service-level requirements and to adapt supply
chain policies to serve each segment with maximum prof-
itability (Anderson et al. 1997, Gadiesh and Gilbert 1998).
Cohen et al. (2003) address this problem in a service parts
supply chain.

Finally, a group of researchers explores delivery lead-
time commitments and quotations under nonstrategic set-
tings. For example, Barnes-Schuster et al. (2006) study a
two-level supply chain under full information and normally
distributed demand. They provide conditions under which
the retailer or supplier should hold the entire inventory. This
result is related to the one in §7 for full information. See
also Keskinocak et al. (2001), Wang et al. (2002), and the
references therein.

3. The Model

Here we describe three important aspects of the model:
the two-stage supply chain, the promised lead-time con-
tract, and the control mechanism under different informa-
tion scenarios.

3.1. Two-Stage Supply Chain

We study the two-stage supply chain shown in Figure 1.
Uncertain end-customer demand is satisfied through the
retailer. Demand D, in each period ¢ is modeled by a
sequence of nonnegative, independent and identically dis-
tributed (i.i.d.) random variables drawn from a stationary
distribution with c.d.f. F(-), density f(-), and finite mean

Figure 1. Two-stage supply chain.
hs, Ps hn Pr
Ample L Stage 1 / | Stage2
inventory ¢, | Supplier c Retailer > D~F()
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n = 0. The supplier and the retailer both know the demand
distribution.> We denote demand over the current and the
next n periods as®> D" =Y""" D,.

The inventory at each stage is reviewed periodically. The
sequence of events is as follows. Both the supplier and the
retailer receive their respective shipments at the beginning
of a period. The supplier orders from an upstream firm with
ample inventory and will receive these orders L periods
later. Shipments from the supplier to the retailer take / peri-
ods to arrive. The supplier and retailer incur linear cost
¢, > 0 and ¢, > 0, respectively, per item ordered, and no
fixed cost for placing an order. At the end of the review
period, customer demand is realized. The retailer satisfies
demand through on-hand inventory. Unsatisfied demand is
backlogged. Backorders of end-customer demand incur a
unit penalty cost p, per period only at the retailer. The
supplier incurs either an explicit or an implicit shortage
cost based on the control structure we specify later. The
supplier and the retailer incur unit installation holding cost
hy>0 and h, > 0, respectively, where h, < h, for any
inventory remaining at the end of each period. At the end
of period T, leftover inventory (respectively, backlog) is
salvaged (respectively, purchased) at a linear per-unit value
of ¢, and c, at each stage, respectively. This sequence and
set of assumptions are the classical ones portrayed, for
example, in Veinott (1965).

3.2. Promised Lead-Time Contract

A promised lead-time contract has two parameters: prom-
ised lead time 7 and corresponding per-period lump-sum
payment K. Under this contract, the retailer places each
of his orders 7 periods in advance of his needs. The sup-
plier guarantees to ship this order, in full, after T peri-
ods. The retailer must wait another [/ periods (shipping
time) before receiving the guaranteed order. To do so, the
supplier arranges an alternate sourcing strategy to fill any
retailer demand that exceeds the supplier’s on-hand inven-
tory. The supplier borrows emergency units from this alter-
native source and incurs penalty p, per unit per period until
the alternative source is replenished.* Under this contract,
the supplier is responsible for the supply risk for a finite
planning horizon. The analysis of this interaction and the
resulting inventory cost determine the lump-sum payment
between the firms. When K is positive, we interpret this
transaction as a payment from the retailer to the supplier.
The effect of a promised lead time is to shift inventory-
related costs due to demand uncertainty from the supplier
to the retailer. With a promised lead time, the supplier
learns the retailer’s order 7 periods in advance. On one
hand, for the supplier, a promised lead time changes the
number of periods of demand uncertainty from L + 1 to
L+ 1 — 7. On the other hand, for the retailer, a promised
lead time increases the number of periods of demand uncer-
tainty from [/ + 1 to /[ 4+ 1 + 7. Note that when 7 =0,
the retailer demands immediate shipment of all orders,
and the supplier’s operation is completely build-to-stock.

When 7=L+1, exceeding the supplier’s replenishment
lead time, the supplier builds to order for the retailer and
does not need to carry any inventory. Hence, any reasonable
promised lead time would satisfy 7€ {0, ..., L+ 1}.

3.3. System Control

Our base case is the system under central control with-
out a promised lead-time contract. For this case, a central
decision maker, who has full information about the firms’
operations, sets the inventory-ordering policy for both the
supplier and the retailer. In particular, she decides how
to allocate inventory within the system so as to minimize
the total expected inventory cost. The supplier satisfies the
retailer’s order from inventory on hand at the supplier’s
location. Any unsatisfied order is backlogged. Hence, the
retailer faces supply risk. This inventory control problem is
the classical Clark and Scarf (1960) model discussed in §4.

Our main case is the system under local control. This
system consists of two distinct decision makers: the sup-
plier and the retailer. Each firm’s goal is to minimize its
own expected inventory cost by placing a replenishment
order based on its on-hand and pipeline inventory and back-
log levels—hence the name local control. Under the full-
information scenario—i.e., when the supplier knows the
retailer’s inventory ordering, holding, and shortage costs—
the supplier designs a promised lead-time contract and
offers it to the retailer. If the retailer accepts the contract,
both firms are committed to the promised lead-time contract
terms for a finite horizon. The retailer, however, often has
private information about his end-customer service level.
Under this asymmetric information scenario, the supplier
offers a menu of contracts that minimizes her expected
inventory cost. The retailer chooses a promised lead-time
contract that minimizes his expected inventory cost. After
the contracting stage, under both full and symmetric infor-
mation, the sequence of events is as described in §3.1, and
each firm independently decides how to replenish its local
on-hand inventory to minimize its own expected inventory
cost. Note that a third-party decision maker who has full
information may also choose the optimal promised lead-
time contract for the entire supply chain, while the sup-
plier and the retailer set their own stocking levels. This
third-party decision maker’s contract choice is what will be
referred to as the first-best contract under local control’
We address the local control system in §5.

Under both control systems, each firm optimally follows
a base-stock policy as discussed next. Hence, we describe
the replenishment decisions as choosing stocking levels.

4. Central Control and the
System-Optimal Solution

The system-optimal solution minimizes the total expected,
discounted inventory cost for a finite-horizon, periodic-
review inventory control problem in series. Clark and
Scarf (1960) show that an echelon base-stock policy is
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optimal for this classical serial system. Other papers pro-
vide simpler proofs, efficient computational methods, and
extensions to the infinite-horizon case (see, for example,
Federgruen and Zipkin 1984, Chen and Zheng 1994). For
a stationary serial system, Gallego and Ozer (2003) show
that a myopic base-stock policy is optimal. They show
how to allocate costs to firms (stages) in a certain way
to obtain optimal base-stock levels. Next, we summarize
this method. Let xj, and yj, be firm j’s echelon inventory
position® before and after ordering, respectively, in period t,
where j = s represents the supplier and j = r the retailer.
Also, let

%,(y5) = (1= @),y + «'E[(h, — b)) (y;, — D)
+(p,+h) (5 —D"H7] (1)

be the retailer’s expected inventory cost in period ¢t where «
is the discount factor. Define y* as the smallest minimizer
of &£, (-). This minimizer is the retailer’s optimal base-stock
level. Next, define the implicit penalty cost

The supplier’s expected cost charged in period ¢ is then

L(ye) = (1 — a)e,y;, + a B[ (y;, — D"*)
+alP”(y¢, — D*™H].  (3)

The supplier’s optimal echelon base-stock level y! is the
smallest minimizer of & (-).

Under this echelon base-stock policy, firm j orders a
sufficient amount in each period to raise its echelon inven-
tory position x?, to the echelon base-stock level y" for j €
{s,r}. An equivalent optimal policy, known as an instal-
lation base-stock policy, is given by installation base-stock
levels Y, =max(y;" —y",0) and ¥, =min(y;", y"). Let x;,
and y;, be firm j’s installation inventory position’ before
and after ordering in period ¢, respectively. Firm j orders
a sufficient amount in each period to raise its installation
inventory position x;, to the installation base-stock level Y;
for j € {s, r} (see, for example, Axsiter and Rosling 1993,
Chen and Zheng 1994 for a discussion on the equivalence
of installation and echelon base-stock policies for a serial
system).

5. Local Control with Promised
Lead-Time Contract

Under local control, the supplier offers a promised lead-
time contract to the retailer. If the retailer accepts, the firms
establish an inventory risk-sharing agreement for 7 peri-
ods. Next, the firms choose their respective optimal stock-
ing levels. The remainder of the sequence of events is as
described in §3.1. We use backward induction to charac-
terize the optimal decisions; i.e., we solve for the optimal

inventory-stocking decisions, followed by the contracting
decision.

5.1. The Supplier’s and the Retailer’s
Inventory Problem

For a given promised lead-time contract (7, K), each firm
minimizes its expected inventory cost over the next T peri-
ods. The per-period lump-sum payment K is independent
of the order quantity and inventory on hand; hence, it has
no effect on the inventory replenishment policy. Note also
that the retailer is guaranteed on-time shipment of all orders
under a promised lead-time contract. Hence, each firm
independently solves a stationary, periodic-review inventory
control problem with no upstream supply restrictions. The
following dynamic programming recursion minimizes the
cost of managing each firm’s inventory over a finite horizon
with T — ¢ periods remaining until termination:

th(xjt | 7) :)ggr{Gj(yjt |7)+ aEJj,t+l(yjt —D,| 1)}

forallte{l,...,T}, J; 7,,(-| 7)=0% for j € {s, r}, where

G,(yy | ) = (1 = @)e,y, +E[hy(y, — D" 7T)*
+p (DT —y)*] and
G, | 1) = (1= @)c,y,, +E[h,(y,, —D**7)*
+ pr(Dl+1+7 _ yrt)+].
For these stationary problems, a myopic base-stock policy
is optimal (Veinott 1965). The optimal base-stock levels for

the supplier and retailer are the minimizers of G,(-) and
G,(-), respectively:

—(1—
Ys*(T) = Fl:l—ll—f <pY ( a)cs> and

hy+p,
* — pr_(l_a)cr
N G

To have a reasonable solution, we assume that p ;=
(1 — a)c; for firm j. Hence, with promised lead time T,
firm j orders up to an optimal base-stock level Yj*(T) if its
installation inventory position x;, is below this level at the
beginning of period ¢. The expected discounted inventory
cost over T — ¢t periods equals the sum of the discounted
single-period costs, i.e.,

Ji(xy | Y7 (7), 7) = XT: &G (Y (1) | 7) = 0G3(7),
k=t

where

Gi(t)=c,u+ E{hS[YS*(T) — DM
+p,[DHTT =Y (D)]F ]



Lutze and Ozer: Promised Lead-Time Contracts Under Asymmetric Information

Operations Research 56(4), pp. 898-915, © 2008 INFORMS

903

T
5, (x| Y (P 7), ) =300 GL(Y (P, T) | T)

k=t

=0G.(p,,7),

where G*(p,,7) = ¢, + E{h[Y*(p,,7) — DFH7]F +
p, (DT = Y (p,, )]} and 6= (1 — a"")/(1 — ).
The promised lead time 7 yields total expected inventory
cost 8{G*(7) + G*(p,, 7)] for the two-stage supply chain.

We simplify the expressions for the total expected inven-
tory cost as follows. If we let p,(c,) be the unit penalty cost
yielding the desired service level with unit variable cost c,,
then SL, = (p,(c,) — (1 —a)c,)/(h, + p,(c,)). By redefin-
ing p, =h,[p,(c,)—(1—a)c,]/[h,+ (1 —a)c,], we rewrite
SL, = p,/(h, +p,), 50 Y} (p,. 7) = F;1,.(p,/(h, + P,))-
Similarly, we rewrite Y*(7) = F;}'_.(p,/(h, + p,)). The
terms c,u, ¢, M, and 6 do not affect the optimization prob-
lems defined later in any structural way. Hence, we drop
them from further consideration in what follows. Note that
for a given holding cost, the service level implies a penalty
cost and vice versa. Hence, we use these two terms inter-
changeably throughout the paper.

Next, we explore the properties of G¥*(7) and G*(p,, T)
that are necessary in determining the optimal contract
terms later. To prove these properties, summarized in
the next proposition, we consider a log-concave demand
distribution F(-) and use two stochastic ordering relation-
ships for F,(-), the n-fold convolution of demand distribu-
tion F(-). First, F,(-) is less than or equal to F, (-) in
regular stochastic order, which implies F, '(B8) < F,(B)
for all B € (0,1). Second, F,(:) is less than or equal to
F, () in dispersive order because the convolution of a log-
concave density is log-concave (Theorem 2.B.3 of Shaked
and Shanthikumar 1994). That is, F,'(y) — F,'(B) <
F ! (y) — F ' (B) whenever 0 < B <y < 1. We define
A, Gy (p,, T) =G (P, T) = Gi(pp, T — ).

PrROPOSITION 1. For a given promised lead time T and
when F(-) is log-concave: (a) A,G:(p,,7) = 0,
(b) 9G*(p,. 7)/3p, > 0, and (c) 4A,G?(p,.7)/3p, > 0.

Note that Normal and Erlang distributions, commonly
used in inventory control, exhibit log-concavity (Bagnoli
and Bergstrom 1989). From parts (a) and (b), the retailer’s
minimum expected inventory cost increases with both
promised lead time 7 and backorder penalty cost p,. Given
the similarity between the minimum expected inventory
cost functions for the supplier and the retailer, part (a)
also implies that A_G%(7) < 0. The supplier’s minimum
expected inventory cost decreases with 7. From part (c),
we observe an important property known as the single-
crossing property (Fudenberg and Tirole 1991). Essentially,
this property implies the following. A retailer that provides
a high service level to end customers is more sensitive to
an increase in promised lead time or, equivalently, benefits
more from a decrease in promised lead time. This differ-
ence in sensitivity for an increase in promised lead time

enables a supplier to screen the retailer’s private service-
level information. This proposition is mainly used in the
analysis of the asymmetric information case.

5.2. Full Information

When the supplier has full information about the retailer’s
service level, the optimal contract to offer to the retailer is
the solution to the following problem:

min Gi(1)—K

st. GX(p,,T)+ K < U™, “4)
7€{0,...,L+1}.

The supplier chooses a promised lead-time contract to min-
imize her expected inventory cost, while ensuring that the
retailer’s expected cost does not exceed his reservation cost
U™, This cost could be the retailer’s expected inventory
cost under an existing contract or his outside option.

PROPOSITION 2. Under full information, the supplier opti-
mally offers (77, K'), where

(&) K/ = U™ — Gi(p, /) and

(b) 7/ minimizes G*(7)+ G*(p,, 7).

(c) 7/ decreases® as p, increases.

(d) G*(7') — K/ increases as p, increases.

Part (a) states that the supplier minimizes her expected
inventory cost by requiring the highest payment K/ that the
retailer will accept. Part (b) states that the supplier opti-
mally offers the first-best promised lead time. That is, 7/
is the same 7 that would be chosen by a third party who
optimizes the supply chain’s inventory risk-sharing strat-
egy. Note also from parts (c) and (d) that the supplier opti-
mally offers a shorter promised lead time for a high-service
retailer, and by doing so increases her own expected inven-
tory cost.

5.3. Asymmetric Cost Information

The retailer’s unit penalty cost p, is often private informa-
tion. Suppose that p, lies within a finite set {p;,..., py}
of possible values, where p, < --- < py. The retailer’s
unit penalty cost, his fype, takes value p; with probabil-
ity A; for Zf\’: , A; = 1. This discrete distribution is public
information.

Learning the Service Level. We investigate whether
the supplier can learn the retailer’s service level, either by
asking the retailer or by direct observation of the retailer’s
past orders. If so, the supplier can solve for the full-
information contract. Suppose that the supplier asks the
retailer to report his service level. Suppose that the retailer
reports his penalty cost as p, and the supplier offers the
corresponding optimal full-information promised lead-time
contract (7/, K'). The retailer’s actual expected cost under
this contract is K/ + G*(p,, 7).
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PROPOSITION 3. If p, > p,, then 7/ < v/ and G*(p,,7/) +
K’ <G (p,, ')+ K.

The proposition states that a retailer who exaggerates
his service level receives a shorter promised lead time,
thereby shifting more inventory risk to the supplier. Plus,
the retailer’s expected cost decreases, so he obtains a larger
share of supply chain benefit under the contract. Hence,
the retailer has reason to exaggerate his service-level infor-
mation. The supplier, therefore, has reason not to trust the
service-level information provided by the retailer.

A natural question to ask is whether the supplier can
learn the retailer’s optimal service level over time by
observing the retailer’s orders. This is not possible because
the retailer optimally adopts a base-stock policy, and his
order in each period is equal to the demand in the previ-
ous period. Hence, the supplier observes the demand, but
she does not know how much the retailer satisfies from
on-hand inventory and how much he backlogs. Hence, the
supplier cannot learn the retailer’s service level over time.
Next, we propose a mechanism that minimizes the sup-
plier’s inventory-related cost, while enabling credible infor-
mation sharing.

Optimal Menu of Contracts. Without observing the
retailer’s service level, the supplier can minimize her inven-
tory cost by designing a menu of promised lead-time
contracts. According to the revelation principle (Myerson
1979), the supplier can limit her search for an optimal menu
of contracts to the class of truth-telling contracts under
which the retailer finds it optimal to reveal his unit penalty
cost. To determine the optimal menu {(7¢, K¢)" |}, the sup-
plier solves the following problem:

min %Ai[Gj(Ti)_Ki]

(Ti’Ki)INzl i=1

st. IR;: Gi(p,, 7))+ K, <U™ Vie{l,....,N}, (5)
IC;: Gi(p;, 1) +K: <G (p;.7))+K; Vj#i,

7,€{0,....,L+1} Vie{l,...,N}.

NN

The individual rationality (IR) constraints in (5) guaran-
tee that the retailer will find an acceptable contract in the
menu. The incentive compatibility (IC) constraints ensure
that a retailer with service level i voluntarily chooses
the promised lead-time contract (7;, K;) designed for his
true service-level type. We assume that when indifferent
between (7;, K;) and (7;, K;) for j # i, a retailer with ser-
vice level i chooses the former. Next, we use Proposition 1
to characterize an equivalent formulation for the feasible
region defined by IR and IC. To simplify the exposition,
we define Xj =Y7 A A;=0, and p,=p,.

PROPOSITION 4. (a) A menu of contracts is feasible if
and only if it satisfies the following conditions for all
ief{l,....,N—1}: () 7, > 7y, and (ii)) G*(p;, 7;) +
K, = U™ — lecv:i+1[Gt(pk’Tk) = Gi(peor> )] and
Gy (py, Ty) + Ky =U"™

(b) The optimization problem in (5) has the following
equivalent formulation:

min Y A{[Gi(7) + Gi(pi, )] + (A /M)

{r15 v} i=1

: [Gt(pi’ T,‘) — ij(piil’ 7[.)]} _ Urmax (6)
S.t. 7, is decreasing in i,

r.€{0,....,L+1} Vi=1,...,N.

Part (a-i) states that the supplier optimally offers a
shorter promised lead time to a retailer with a higher ser-
vice level. Nevertheless, from part (a-ii), a retailer with the
highest service level incurs his reservation cost. A retailer
with a service level lower than p, receives information
rent, a cost reduction to discourage him from exaggerat-
ing his service level. These results are similar in nature to
those obtained for other mechanism design problems (see,
for example, Lovejoy 2006).

In part (b), the summation in the objective function (6)
consists of two terms. The first term is the total supply
chain inventory cost under the promised lead time. The sec-
ond term (Xi_l/)\i)[G’;(pi, 7;) — G*(p;_,, 7;)] is the cost of
the incentive problem (information rent) because of asym-
metric service information. Without this term, the supplier
would offer the first-best contract (7, K/) to all retailer
types.

Let 7/ denote an optimal solution for the problem in (6),
and let K{' denote the optimal payment that is obtained as
the solution to the equalities in Proposition 4(a-ii) when
T, =1

PROPOSITION 5. (a) K¢ is increasing and t{ is decreasing
ini.

(b) Gi(p;, 1) + K¢ is increasing in i.

(c) 7=1{ and 7¢ <7/ forallic{2,...,N}.

This proposition characterizes additional properties of
the optimal menu of contracts. In particular, from part (a),
a retailer with a higher service level optimally accepts a
larger payment obligation for a shorter promised lead time.
Because the optimal contract terms 7{ and K are mono-
tone in i, we can construct a function K(7) by setting
K(t)=K{ if 7 = /. This function specifies a payment
for a given promised lead time. The supplier offers this
function as a contract without any mention of service lev-
els. The retailer does not need to announce a service level
either. This result makes the menu of promised lead-time
contracts amenable for implementation. Part (c) states that
all but the lowest service-type retailer gets a promised lead
time shorter than the first-best promised lead time. Together
with part (a), this implies two facts. First, the supplier faces
more inventory risk when the retailer has private service-
level information. Second, the supplier manages more of
this inventory risk when doing business with a higher-
service retailer.
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5.4. Cutoff Policy

The supplier may decide not to induce every retailer type to
sign a promised lead-time contract when she wants to keep
her expected inventory cost below U"™*. Next, we charac-
terize an optimal cutoff-level policy (Corbett and de Groote
2000, Ha 2001). Under this policy, the supplier optimally
induces the retailer to sign a promised lead-time contract
if the retailer’s backorder penalty cost is lower than a cut-
off level p. If the retailer’s penalty cost (or equivalently,
his service level) is higher, the two firms do not sign a
promised lead-time contract, and hence do business under
the original setting. To derive the supplier’s optimal cut-
off level, we introduce a null contract with promised lead
time 7 = &. Agreeing to the null contract is equivalent
to no contract being signed, and expected inventory costs
for the supplier and retailer revert to G*(@) = U™ and
G(-, @) = U™, respectively.

Under full information, the supplier determines the opti-
mal cutoff level by solving (4) with an IR constraint for
the supplier and a larger feasible set for the promised lead
time, i.e.,
Gi(t)—-K<U™, te{@,0,...,L+1}. @)
PrROPOSITION 6. Under full information, the supplier opti-
mally offers the first-best contract (7,K) = (v/, K') if p, <
p and (1,K) = (2, 0) otherwise, where p = min{p > 0:
G:(7/ () + Gi(p. 7/ (p)) = U™ 4 U™},

The proposition shows that it is optimal for the supplier
not to offer a promised lead-time contract to a retailer with
p, > p. The proposition also provides an explicit solution
for the cutoff level. Note that the cutoff level p is increasing
in both U™ and U™*. Intuitively, the supply chain has
to carry more inventory to provide high service to the end
customer. Hence, the supplier sets up a supply chain with
a higher-service retailer only when either firm can accept a
larger expected inventory cost.

Under asymmetric service-level information, the sup-
plier’s optimal menu of contracts, allowing for the null
contract possibility, is the solution of the problem in (5)
with

N
R;: YA[GH(r) — K] < U™,

i=1

7.e{2,0,...,L+1} ¥Yi. (8)

For notational convenience, we define sums over empty sets
to be zero and @ < 0.

PROPOSITION 7. An optimal menu of contracts {(7¢, K{ )N,

satisfies the following properties: If 7{ = &, then 7] = &
and K{ =0 for j > i. In addition, if T{ # &, then 7; > T, for
Jj <i. Hence, an optimal cutoff level is defined as p = p,,

where c=max{i€l,..., N | 1{ # @&}. Let c =0 when this
set is empty. Also, p must satisfy

{ZAi[U:'“a* LU -G — G rf)]}
i=1

c
> TR lG ) - G
i=1

Proposition 7 establishes the optimality of a cutoff pol-
icy. In other words, if it is optimal for the supplier not to
offer a promised lead-time contract to a retailer with ser-
vice level i, then it is also optimal not to offer a contract
to a retailer with a higher service level. The optimal menu
of contracts consists of (7;, K;) = (&, 0) for i > c¢. Hence,
for p, > p, the two firms do not sign a promised lead-time
contract, and the supplier and the retailer incur U™ and
U™, respectively.

6. Comparing Stocking Levels

To understand the supplier’s and retailer’s deviation from
a system-optimal solution, we compare the optimal base-
stock levels under central control to those under local con-
trol with a promised lead time. The following proposition
characterizes the optimal allocation of inventory under cen-
tral control.

PrOPOSITION 8. Equations (1) and (3) have finite min-
imizers when p, > P = [(1 — a)(c, + attlc) +
al(1—a'™h,]/art*Y. Then, the echelon and installation
base-stock levels are given as follows:

(2) For any p, € [P,oo), ¥ = Fi((@!(p, + h) —
(1—a)c,)/a (p, +h,)).

(b) When p,e[P, H], then y"=F., (" [a! (p, +h,)
—(1—a),]— (1 —a)c, —ath)/aX"(p, + h,)), where

H=[(1-a)(c,+a"c,)+ak(1 —a')h,

+ aL+l+lhrFL+l+2 (y:n)]/[a‘H[+1 (1= F i 7)]
For this case, y' < y;". Hence, Y, =0 and Y, = y{".

s

When p, € (H, 00), then y™ is the unique solution to
(1= @), +a"h,+a" " [(1 = a)e, —a'(p, + )]
(1= F =]+ (p, + 1)
/ Fr(y—u) fr(u) du=0.
y=y/

For this case, yI' > y"'. Hence, Y, =y —y" and Y, =y

Proposition 8 characterizes the optimal inventory-
stocking levels at each location for a centrally controlled
system and provides closed-form solutions under certain
conditions. In particular, the optimal inventory allocation
depends on how the penalty cost relates to the other cost
parameters. When the penalty cost is very low, i.e, lower
than P, the problem does not have a finite solution. When
p, € [P, H], the penalty cost is high enough to warrant
holding inventory only at the retailer. When the penalty cost
exceeds the threshold H, the penalty cost is high enough
to warrant holding inventory at both locations.
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PROPOSITION 9. For any given promised lead time T, the
following are true:
(a) For p, € (H, ), let

o (P (= a),
B(t)=(p, + h,)F,, <Fl+%+7 (W)>
l—«
+ o )T P

which is increasing in T. We have

Y. <Y*(p,,7) when h,< B(7),
Y. >Y*(p,,7) when h, > B(T).

(b) For p, € [P,H], we have Y (1) > Y, =0 for 7 <
L+1land Y (t)=Y,=0for r=L+1.

Proposition 9 states that if &, is lower than B(7), a cen-
tral decision maker will hold less inventory at the retailer
location than a locally controlled retailer would carry.
In other words, under central control, when the holding cost
at the supplier location is small, the central manager car-
ries more inventory at the supplier location and less at the
retailer location. However, under local control, the retailer
does not consider the supplier’s inventory cost when mak-
ing his inventory decision. Hence, there is a threshold for 4,
below which a locally managed retailer carries more inven-
tory than a centrally controlled one. Note also that this
threshold increases with the promised lead time. Intuitively,
a longer promised lead time requires a higher optimal
inventory level for a locally controlled retailer because the
retailer faces higher risk from holding insufficient inven-
tory. Part (b) notes circumstances in which a local decision
maker holds inventory at the supplier site, but a central
decision maker does not. Similar comparisons are possible
for other values of p,.

These results show when and how much the supplier and
the retailer may under- or overinvest in inventory when
compared to a centrally controlled supply chain. Note that
these comparisons are true for any given 7. Hence, they
apply to both full and asymmetric information scenarios.
These solutions also enable one to quantify the difference
in inventory levels due to decentralization through simple
calculations. We provide more discussion on these compar-
isons in §8.

7. All-or-Nothing Inventory Allocation

Here, we address a special case in which the optimal
promised lead time is either zero or L + 1. When the opti-
mal promised lead time is zero, the supplier assumes all
responsibility for the additional inventory risk. When the
optimal promised lead time is L 4 1, the supplier assumes
none of this risk, essentially offering make-to-order service
to the retailer. Hence, this outcome is referred to as an all-
or-nothing solution.

ProPOSITION 10. Under full information and when G*(T)
and G*(p,,T) are concave in T, the supplier optimally
offers (t/,K'), where 7/ € {0, L + 1} and K/ = U™ —
G:(p,. 7).

For the supplier, concavity means that the incremental
reduction in her expected cost increases as the promised
lead time increases. For the retailer, concavity means that
the incremental reduction in his expected cost increases as
the promised lead time decreases. The optimal inventory
risk-sharing strategy for the supply chain is then one of the
extreme points of the feasible set of promised lead times,
i.e., either zero or L+ 1. The next proposition shows when
the optimality of an all-or-nothing solution also holds under
asymmetric information.

PropoSITION 11. Under asymmetric information and when
Gy (1), Gi(p,, 7). and G}(p;,7;) — G}(p;_y, T;) are con-
cave in T, the supplier’s optimal menu of contracts consists
of all-or-nothing promised lead times, i.e., 7" € {0, L+ 1}
for all i. In particular, let m =max{i e {l,...,N} | 7f =
L+ 1}, and if this set is empty, let m =0. Then, we have:

(@ If m >0, then 7" =L+ 1 and K! = [U™ —
Gi(pn» L+ D] =[G (py, 0) = G (p,, 0)] for all i <m,
whereas ¢ =0 and K = U™ — G*(py, 0) for all i > m.

(b) Otherwise, if m =0, then ¢ =0 and K} = U™ —
G*(py,0) forallie{l,...,N}.

Proposition 11 shows that a pooling equilibrium turns
out to be an optimal outcome. In this equilibrium, the
retailer does not necessarily reveal his backorder penalty
cost by choosing a promised lead-time contract. In partic-
ular, part (a) states that if the retailer has a penalty cost
lower than or equal to p,,, then he would optimally choose
the contract with 7 = L + 1. Otherwise, he would select
the contract with 7¢ = 0. Part (a) with m = N and part
(b) together show the following. An optimal contract out-
come could be a single contract that allocates all additional
inventory risk to the supplier or to the retailer regardless of
the retailer’s service level. Next, we investigate when the
concavity conditions of Propositions 10 and 11 are met.

ProposITION 12. G¥*(7), G*(p,,7), and G*(p;, 7)) —
G*(p;,_,, T;) are concave in T if: (i) F(-) is Normal, or
(i) (f,(E7'(x))™" is concave in n. Any demand distri-
bution satisfying one of these two conditions generates an
all-or-nothing inventory risk-sharing agreement.

8. Numerical Examples

To illustrate the behavior of system cost and inventory lev-
els under promised lead-time contracts, we present the fol-
lowing numerical examples. We set ¢, =0, h, =1 for the
supplier and ¢, =0, h, =3 for the retailer. The retailer
provides either a 85% (low) service level or a 98% (high)
service level, stemming from unit penalty cost p, =17 or
p, = 147, respectively. Demand is normally distributed with
mean 50 and standard deviation 10, and the retailer’s reser-
vation cost is U™ = 150. We consider 27 scenarios that
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differ in their production and processing lead times, cost of
borrowing from an alternative source, and the likelihood of
the retailer’s providing a low versus a high service level.
In each scenario, we make a combination of selections from
the following sets:

(L, ) €{(2,4).(3,3), (4,2)},
1€{0.2,0.5,0.8}.

D, €{19,49,99},

Throughout this section, an all-or-nothing promised lead
time is optimal because demand is normally distributed
(Proposition 12).

8.1. The Supplier’s Cost Under the Promised
Lead-Time Contract

In Figure 2, we plot the supplier’s expected inventory cost
as a function of lead times (L, [), the supplier’s shortage
cost p,, and A under both full and asymmetric information.
We highlight four observations.

First, the supplier’s cost under full information is always
lower than under asymmetric information. Compare, for
example, the cost curve under full and asymmetric informa-
tion when (L, 1) = (4, 2). Second, the supplier’s expected
cost increases with her cost of alternative sourcing, i.e.,
her penalty cost p,. For example, under asymmetric infor-
mation when A = 0.8 and (L,!) = (2,4), the supplier’s
expected cost is 66.37, 67.62, and 68.42 when p, = 19, 49,
and 99, respectively. Third, the supplier’s expected cost is
higher with lower A. For example, under asymmetric infor-
mation when p, =49 and (L,[) = (2,4), the supplier’s
expected cost is 76.15, 71.89, and 67.62 when A = 0.2,
0.5, and 0.8, respectively. This observation indicates that
contracting with a low-service retailer is more profitable
than contracting with a high-service retailer. Our fourth and

Figure 2. Supplier’s expected inventory cost.

90

final observation is the decrease in the supplier’s expected
inventory cost when L increases for a constant L+ /. A sup-
plier located closer to the retailer incurs lower expected
inventory cost under a promised lead-time contract. In other
words, a supplier that is further away from the retailer faces
more inventory risk. The following proposition proves this
observation.

ProrosiTION 13. For constant system lead time L+ [, nor-
mally distributed demand, and two possible retailer service
levels, the supplier’s expected inventory cost under asym-
metric information increases as L decreases.

8.2. The Supplier’s Stocking Level:
Local vs. Central

In the rest of this section, we compare the inventory levels
under local control to those chosen by a central decision
maker.

In Figure 3, we plot the percent increase in the supplier’s
inventory level under local control from the inventory level
allocated under central control, ie., (Y (1) — Y,)/Y; %
100%. This percent can be interpreted as over- (respec-
tively, under-) investment in inventory due to local control
when the percent is positive (respectively, negative). The
promised lead time is zero for this figure. Consider, for
example, the scenario in which p, =17, L =2, and [ =4.
When p, =49, the percentage increase is 4.7%. In other
words, the supplier carries 4.7% more inventory as com-
pared to a system-optimal inventory allocation. Note that
the percent increase is also plotted as a function of the
retailer’s penalty cost, the shortage cost at the supplier, and
the lead times. The following three observations are worth
noting.

75
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Figure 3. Percent increase in supplier inventory: Figure 4. Percent increase in retailer inventory: Decen-
Decentralized vs. centralized, 7 = 0. tralized vs. centralized, 7 =0.
12 -3
—B— p,=147
8 --@--p,=17
— -4 -
g4 _ o T~
& -e.
0 sl
-5 P
—4 BRI -
ps=19 ps =49 ps=199
b p=17L=21=4 -0 - p=147,L=2,1=4 T ma L=3,1=3 L=4,/=2

—A-p=17,L=8,1=3 —o - p,=147,L=3,1=3
—A—p=17,L=4,1=2 —o— p=147,L=4,=2

First, the percent increase grows as the unit penalty
cost p, increases. Note that the points at which these
lines cross zero, if they do, provide the supplier’s imputed
penalty costs that equate the inventory allocation to the sup-
plier’s site under local and central control. In other words,
for those imputed shortage costs, the supplier chooses the
system-optimal inventory level.

Second, as the penalty cost p, increases or, equivalently,
as the service level provided to end customers increases,
the percent increase in supplier inventory due to local con-
trol decreases. In other words, the supplier’s overinvest-
ment in inventory declines because under central control,
more inventory is held at the supplier’s location (whereas
under local control, p, does not affect the supplier’s stock-
ing level). The supplier may even underinvest in inventory
when the retailer’s shortage cost is high. For example, when
p, =49, p, =147, L =4, and [ = 2, the percent increase is
—0.7%. The supplier allocates 0.7% less inventory, hence,
underinvests when compared to the system-optimal inven-
tory allocation decision.

Finally, the percent increase in supplier inventory
decreases as the supplier’s lead time L increases, whereas
supply chain lead time L + [ remains constant. In other
words, the supplier’s overinvestment in inventory declines
as the supplier is “located” closer to the end customer. This
is mainly because the system-optimal solution starts to allo-
cate more inventory to the supplier’s site as she gets closer
to the customer.

8.3. The Retailer’s Stocking Level:
Local vs. Central

Next, we illustrate how the retailer’s inventory level
changes due to local control. In Figure 4, we plot the per-
cent increase in the retailer’s inventory level under local
control from the inventory level under central control, i.e.,
(Y*(1)—Y,)/Y, % 100% for 7 =0.

Note in Figure 4 that the retailer carries less inventory
than a system-optimal inventory allocation. The retailer’s
percent underinvestment in inventory decreases as either
his service level p,, or his processing lead time / increases

(while keeping L+ constant). An increase in either p, or [
requires the retailer to carry more inventory to protect this
second stage against larger demand uncertainty and more
expensive shortage cost. Under central control, the manager
has the option of holding some of this additional inventory
at the supplier location. A retailer under local control does
not have this option. Hence, the retailer increases his inven-
tory level more dramatically than a central decision maker
would have increased the inventory allocation to the second
stage. As a result, the retailer’s inventory investment under
local control approaches the level under central control as
[ or p, increases.

9. Conclusion

We introduce a contract form that reduces a supplier’s
uncertainty regarding demand and eliminates a retailer’s
uncertainty regarding inventory availability: a promised
lead-time contract. The contract and the model considered
in this paper formalize what is already common in practice,
that is, specifying lead times as part of a contract between
two supply chain members (Billington 2002, Cohen et al.
2003).

In this study, by combining supply chain contracting,
classical inventory control, and mechanism design, we dis-
cover the following. When the supplier has full information
about the retailer’s inventory cost parameters, the optimal
promised lead-time contract generates the optimal inven-
tory risk-sharing strategy for the supply chain. Uncertainty
regarding what service level the retailer provides to end
customers generates conflict between the retailer and the
supplier. In designing a mechanism to accommodate this
uncertainty, the supplier offers shorter lead times and infor-
mation rent. Altogether, this practice eats at the supplier’s
contract benefits until, at some point, the supplier does
not find it profitable to offer contracts to retailers with
all possible service levels. In particular, this observation
helps establish the optimality of a cutoff policy. Intuitively,
retailers having a high service level may represent a mar-
ket segment that is unprofitable for the supplier to serve
under a promised lead-time contract. We also show that a
centrally controlled supply chain holds more inventory at
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the retailer’s location than the retailer would carry inde-
pendently when the holding cost at the supplier location is
sufficiently high. Such comparisons show when and how
much the supplier and the retailer under- or overinvest in
inventory as compared to an integrated system managed
by a central decision maker. The models can be used to
quantify this difference in inventory investment and how
this difference changes with the system parameters, such
as lead times.

We also characterize conditions under which the supplier
should assume all or none of the inventory risk. In par-
ticular, the optimal promised lead-time contract stipulates
either build-to-stock (7 =0) or build-to-order (7 =L + 1)
service to the retailer under either full or asymmetric infor-
mation when the single-period cost functions are concave in
the promised lead time. A supplier working with multiple
independent retailers can consider offering these two con-
tracts and construct a portfolio of retailers with promised
lead times zero and L + 1. We leave this topic to future
research.

We assume that the supplier borrows inventory from
an alternative source to satisfy retailer orders on time.
Alternatively, if the supplier simply purchases emergency
units from an outside source or expedites emergency units
through overtime resources, the supplier pays a one-time
unit emergency cost p, above her normal production cost.
This scenario results in the supplier facing the equivalent
of a lost-sales inventory control problem: sales are lost for
the supplier’s normal production process. For a periodic-
review problem under lost sales and positive lead times,
Nahmias (1979) and references therein offer a two-term
myopic heuristic, which can be used to extend the promised
lead-time results to this alternate case.

The concept of risk sharing through promised lead-time
contracts is a fertile avenue for future research. Some issues
to explore include nonstationarities in cost or demand
parameters, the impact of possible contract renegotia-
tion, alternative information asymmetries, and the situation
where the retailer takes the lead in contract development.

10. Electronic Companion

An electronic companion to this paper is available as part
of the online version that can be found at http://or.journal.
informs.org/.

Appendix. Proofs

PrROOF OF ProOPOSITION 1. To prove part (a), recall that
u is the mean demand for a single period. The retailer’s
minimum expected inventory cost can be written as

Gt(pr’ T) Zpr(l+ 1 +T)/‘L_ (hr +pr)

Fd(pe/ (htp,)
'/0 ufii14. (1) du. )

Hence,

A, Gi(p,,T)

Fihr e/ (hetpy)

— +p,>[ | Wfioron () di

/ L (p,/(h+py)
0

uf,+7(u)du:|.

We divide this expression by (%, + p,) to obtain

A.G*(p,, T) Fiitsr (1)
BeG0e D)y [ [ s

h,+p,
Fh ()
~ [ uhawydul.

where r = p,/(h, + p,). To show that A_G*(p,,7) > 0,
we show A _G*(p,,7)/(h, + p,) 2 0. To do so, we first
show that A_G*(p,, 7)/(h,+ p,) is concave in r. Note that
(2/0r*)(A, G (P, T)/(h, + P,)) = (frarr(Fii(r) —
f[+1.(Fljri(F)))/f[+1+1.(FII}+T(}"))f[+7.(F}1:,(}’))

Because F(-) has a log-concave density, F,,, is less
than or equal to F,,,,, in dispersive order. Hence, from
Equation (2.B.7) in Shaked and Shanthikumar (1994), we

have fip.,(Fiih i, () < iy (F7H(r)) for all r in (0, 1).
Hence, (9°/dr*)(A,G}(p,, )/(h, + p,)) < 0. Note that
A,G*(p,,7)/(h, + p,) is continuous in r € [0, 1] and
equals zero for r € {0, 1}. Together with concavity, this
implies A,G*(p,, 7)/(h, +p,) = 0.

To prove part (b), we note that

ad

G/(p,T)=(+1+1)u
ap

r

Fljrllﬂ-(r) -~
_/0 "‘fl+1+7(u)d“_(1_r)F/+11+r(r)'

For r=0, (3/dp,)G*(p,, 7) = (I+147)u, and for r =1,
dG*(p,,1)/dp,=0. Because

PGH(p,, 7)/9p,dr=— (1=1)/ frs1..(F 11 ,.(r) <0,

we have dG*(p,,T)/dp, > 0.
To prove (c), we note that

dA Gy (p,, T)
ap,

Fiie () Fp ()
= [ it du= [
0 0

— (1 =n)[Fi. () = B (0]

For r = 0, dA.Gi(p,,T)/dp, = m, and for r=1,
A, G*(p,, 1)/dp, = 0. To prove A .G*(p,,7)/dp, > 0,
we show that it is decreasing in ». To do so, note that
#A,Gi(p,. )

dap,dr

=—(1—r)|:

fl+1'(FlIf1r(r)) - f‘l+1+T(E1%+T(r))]
fl+1’(Eli(r))f‘l+l+7(l;};}+r(r)) ’
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The bracketed term on the right-hand side is positive
because F;, is less than or equal to Fy . in dispersive
order. O

PROOF OF PrOPOSITION 2. Note that G*(p,, 7) + K = U™
at optimality. Otherwise, one can increase K and reduce the
objective function value without violating the constraint,
contradicting the optimality of K. To prove part (b), sub-
stitute U™ — G*(p,, 7) for K in the objective function.
To prove parts (c) and (d), consider p, < p, and let
7/ and 7/ be the optimal promised lead times, respec-
tively. Note from part (b) that G*(7/) + G*(p,, /) <
Gi(3/)+Gi(p,. #1) and G(3) + G1(p,. #) < Gi(r!) +
G*(p,, 7). By adding these two inequalities, we obtain
GH(p,.#1) = Gi(p.7) < Gi(p. ') — Gi(p,. 7). By
Proposition 1(c), 7/ > 7/. To prove part (d), from parts
(a) and (b) and Proposition 1(b), we have G*(7/) — K/ =
Gi(r) + Gi(p,a 7)) — U™ < G1(R1) + Gi(p. 7) —
U™ < Gi(#) +Gi(p,, #) - U™ =Gi(7) —K/. O

ProOOF OF ProrosITION 3. The first statement follows
from Proposition 2(c). To prove the second statement,
we have G*(p,,7/) + K/ < G*(p,, 7)) + K/ = U™ =
G*(p,, ') + K/. The inequality is from Proposition 1(b),
and the equalities are from Proposition 2(a), concluding the
proof. [

PRrROOF OF PROPOSITION 4. To prove part (a), we first show
that IR and IC imply the conditions stated in the first part
of the lemma. We begin by simplifying the IR constraint
in (5). Suppose that i < j. We have G!(p;,7;) + K; <
Gi(pi» 7)) +K; < Gi(p;, 7;) + K; < U™. The inequalities
are due to IC, Proposition 1(b), and IR, respectively. Hence,
IR is redundant for all i # N.

For i < j, we separate IC into upward constraints
G (p;» 7)) +K; < G;(p;, 7;) + K; and downward constraints
Gi(p;»7;) + K; < Gi(p;, 7)) + K;. By adding these two
constraints, we have G;(p;, 7;) — G} (p;, 7;) < G} (p;, 7)) —
G;(p;, 7;). Hence, Proposition 1(c) implies 7; < 7;, show-
ing part (a-i).

When i < j <k, we claim that IC; and IC;, imply the
upward IC;, constraint. Assume for a contradiction
that G*(p;, ;) + K; > G(p;, 7)) + K¢, so K, < K; +
G (p;» 7)) — G}(p;» 7). The constraint IC;, implies that
K; <K, + G;(p;, 7,) — G;(p;, 7;). Using the upward IC;;
constraint, we find that G}(p;, ;) + K; < G}(p;, 7)) + K; <
(K + Gi(pj. ) — Gi(pj7)] + Gi(pin7) < [K; +
Gi(pim) — Gi(pi, )] + Gt(l’j’ ) — Gt(pjv Tj) +
G;(p;» 7;). By rearranging terms, we have Gy(p;, ;) —
Gi(pi» 7)) < Gi(p;» ) — Gi(p;, 7;), which implies 7; < 7,
due to Proposition 1(c). However, this contradicts part (a-i),
which we proved above. This result implies that the set of
upward constraints reduces to adjacent upward constraints
Gy (pi, 7)) +K; < Gy (p; i) + Ky foriefl,...,N—1}.

Next, we show that the remaining upward constraints
are binding and the downward constraints are redundant
at optimality. To do so, we use an induction argument.

First, we show that G*(p;, 7;) + K, = G*(p;, Tiy1) + K, for
i =1. Assume for a contradiction that G*(p,, 1) + K, <
G*(p,, 7,) + K,. Proposition 1(b) and IR for i =2 imply
that K; < K, +G7(py, 1) = Gy (p1, 71) < Ky + G (py, 3) —
G*(p,, ) < U™ — G*(p,, 7). Hence, one can increase
K, and lower the objective function value without violat-
ing other constraints, contradicting optimality. Hence, IC
for i =1 must be binding.

Next, assume for an induction argument that G*(p;, 7;) +
K, = G:(p;»7p) + Koy for all i e {1,...,j — 1},
where j > 2. We show that these binding upward
constraints and 7., < 7, imply downward IC con-
straints  Gy(p;,7;) + K; < Gi(p;,7) + K; for all
i<j. Note that K, = K; + [G}(pi» 1) — G7(pis Tizn) ],

and for j > i iteratively solve for K, = K; +

i=i[G; (P> ) = G (e Tepn)]- Proposition 1(c) implies
Gt(l’j, Tj) - Gt(pj—l’ Tj) < Gj(pj’ Tj—l) - Gt(pj—h Tj—l)’
and adding this inequality to the identity for K; yields
Gy(p;, 7))+ K; <K+ Zij[Gf(Pk, ) — Gy (e Tip) ] +
G;(p;» 7;—1). Proposition 1(c) also implies the sequence
of inequalities {G(p;_—1> Tj—m—1) — G (Pj_m_1> Tj—m) <
Gi(pj> Tjm—1) — G(p;s Tj,m)}{;fl. Iteratively adding
these to K; + Gj(p;, 7)) < K; + SiZGHpe ) —
G (P> Tiw)] + Gi(pj, 7;2y) yields Gy(p;, 7)) + K; <
G*(p I 7;)+ K;; hence, downward constraints are redundant
for all i < j.

To conclude the induction argument, we show that the
upward adjacent constraint for j is also binding. Assume
for a contradiction that it is not, ie., Gy(p;,7;) + K; <
Gi(pj>7j+1) + K; ;. Proposition 1(b) and IR for j + 1
imply that K; < K, + G (p;, 714) — Gi(p;» 7)) <K, +
Gy (Pj1> Tim) — Gi(pj, 7)) < U™ — GJ(p;, 7;). Hence,
one can increase K; and lower the objective function value
without violating any constraint. This contradicts optimal-
ity. Hence, all remaining upward IC are binding at optimal-
ity, and they can be replaced by

IC: G(p;, 7)) + K; = Gy(p;> Tip1) + Ky
foriefl,...,N—1}.

Note also that G*(py, Ty) + Ky = U™ at optimality. Oth-
erwise, one can increase Ky by € > 0 and all other K; by
the same amount, thereby reducing the objective function
value without violating any constraints. This contradicts
optimality. Hence, IR constraints can be replaced by

IR": G (py, Ty) + Ky =U".

Note that IC" and IR" imply part (a-ii).

Conversely, we show that the two conditions (i) and
(ii) imply IR and IC. Note that condition (ii) implies
IR because G*(p;. 7)) > G*(pi_,»7;) from Proposi-
tion 1(b). Next, we inductively show that (i) and (ii)
imply upward IC constraints. Condition (ii) implies K, =
K, +Gi(p;, 7)) — Gi(p;,7;) forallie {l,...,N —1}.
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Assume for an induction argument that G¥(p;, 7;) + K; <
Gi(p;,» 7;) + K; for some j > i. This inequality holds for
i=1and j=2. We have

G (p;, 7)) +K;

=Gy (p:» Tj) + [Kj+1 + Gt(l’j’ 7j+1) -

+[G;(p; Tj+l) - G(p;, Tj+1)]
=G (p; 7j+1) +K;,+ {[Gt(l’i’ Tj) - G(p;, 7j+1)]
_[Gt(pij)_Gj(pj77j+1)]}'

The term in brackets is negative from Proposition 1(c)
and condition (i) 7; > 7;,,. Hence, we have G;(p;, 7;) +
K, <Gi(p,,7)+K ;< G (pin T J+1) + Ky, concluding the
induction argument Note that (ii) also implies IC'. Above
we also showed that (i) and IC’ imply downward IC con-
straints. This concludes the proof for part (a).

To prove part (b), we substitute for K; and use part (a)
to obtain (6). O

PrROOF OF PROPOSITION 5. Part (a) follows from Propo-
sition 4(a). In particular, 77 must be decreasing in i
to be a feasible solution. Now assume for a contradic-
tion that K?, < K;. Together with Proposition 4(aii),
this assumption 1mphes Kf = U™ — Gi(piy1» ™) —
2ol G ) = Gip s 1] < UP™ = G, ) —
Zk i1lGr (P ) — Gi(prer, T = K“ However, by
canceling terms, this inequality ylelds G*(p;, 1) <
G:(p;» 7{,,), which contradicts Proposition 1(a). Hence,
Ki.\ > K.

To prove part (b), note that Proposition 4(a-ii) defines the
retailer’s resulting expected cost. From Proposition 1(b),
each term in Z;{V:M[ij(pk, 7.) — G(py_,» T)] is positive,
which implies part (b).

To prove part (c), note that 77, ; < Tl Hence, exactly one
of the following is true: (i) 77 < !, (ii) T8, < /< T,
(iii) T < Tif < 7{ for some j € {i+1,...,N—1}, or
(iv) T,f < 75. To prove 7 < T;f , we will show that the
other possibilities lead to a contradiction.

First, assume for a contradiction that 77, < T,-f < 7f.
Then, {74,..., Tl_H, Tf T ,, ..., 7} is a feasible solution
to the problem in (6). From optimality, we have

Gt(pj’ Tj)]

> MG + Gipe. 7]
ki, k=1
+ MG (P ) — G (pir T}
+{MIGHT) + Gi(pr, )]

+ A [Gi (P ) = G (piy, T

Z {)\k Gi(7) + G (pi> )]

+ MG ) — G (pis ™1}
+{\[GH () +Gi(pn D]
+ Xi—l[Gj(pi’ Tzf) =G (pisy> Tlf)]} (10)

Note also that optimality of ’Tl-f under full information
implies A,[G:(7))+G1(p;» T < ALG: (7)) + G (i, 7).
Adding the last two inequalities yields [G*(p;, () —
G (P T < [Gi(pi» 7)) — Gi(piy, 7)1, which con-
tradicts Proposition 1(c). Therefore, we cannot have
T S Tf <7

Second, assume that the statement 7'1‘,’+1 < Tllf < T;‘ for
some je{i+1,...,N !

i

— 1} is true. Then, {7y, ..., 7},,,
T sens 7/} is a feasible solution to the problem in (6).

From optimality, we have
Aj[G.t(T;'l) + Gt(pj’ T]a)]
+ Xj—l[Gt(pj» T;l) =G (pjs Tja)]
s/ f * S
< )‘j[Gs (7)) + Gr(pj’ 7)1
NG (pys 7)) = Gipjoys )],

Optimality of Tl-f under full information implies

MIGHT) + G pi THI S MG () + G (i 7).
Adding the last two inequalities and rearranging terms
yields

Aj[Gt(pj’ T,a) -Gy (p; T,a)]
+A,L[GH (P ) = G(prs )]
NIGH(pys 7)) = Gipi 7))
+A,[GHpy ) = Gi(pyr, D] (11)

Because 7 > T,-f, p; > p;_1, and p; > p;, Proposition 1(c)
implies the following two relationships:

Gi(p;. ) — Gi(p; 1. ™) > Gi(pj ) = Gi(p; 1. 7)),
Gi(p;. ™) — Gi(p 7) > Gi(pj 7)) — Gi(pin 7).

Therefore, the left side of (11) is greater than the right
side, and we have a contradiction. Hence, we cannot have
T <T,-f<7;’ for some je{i+1,...,N—1}.

Finally, we assume that the statement Tif < Ty 1S true.
Then, {T,-f , Th_1»--.. T} is a feasible solution to the prob-
lem in (6). Arguments similar to those in the previous case
yield a contradiction with Proposition 1(c). Hence, it must
be true that 7/ < Tif .

To prove 7 = T{, note that {T{, 75, ..., Ty} is a feasi-
ble solution to the problem in (6) because 7¢ < 7{. Opti-
mality of {7],... ’TN} yields A [G*(1) + G*(p,, )] <
A [G*(T{) + Gi(p,. T /)] from Equation (10) with i = 1.
Optlmahty of T{ under full information yields A [G*(T{ )+
Gi(pr. T < MG () + Gi(py, 7)) Hence, [G2(rf) +
G2 (pr. T =[G (7])+ G2 (pr, 7)), 50 7 = 7 s an opti-
mal solution. [

PROOF OF PROPOSITION 6. At optimality, we have K =
U™ — G*(p,, 7(p,)). Hence, K =0 when 7 = &. Then,
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problem (4) with (7) is equivalent to

min G{(7(p,)) + G} (p,, 7(p,)) = U™

s.t. G¥(7(p,)) +G*(p,. 7(p,)) S U™ + UM,
T1€{2,0,...,L+1}.

Proposition 2(a) and 2(d) together imply that G*(7/(p,)) +
G*(p,, 7 (p,)) increases with p,. Hence, there exists a
threshold p such that for p, < p, contract (77, K/) is fea-
sible and optimal, whereas for p, > p, the null contract
(2,0) is optimal. [

PrOOF OF PropPOSITION 7. First, we show that if 77 =&
for some i € {1,..., N — 1}, then 7'/? =@ for all j > i.
Assume for a contradiction that 77 # &. Adding upward
constraints Gy(p;, 77) + Ki < GJ(p;, 7j) + K{ and the
downward constraints G;(p;, 1) + K§ < Gy (p;, /) + K7,
we have G} (p;, 77) — G} (p;, 77) < G (p;, 77) — G (p;, 7).
From Proposition 1(b), G;(p;, 77) — G} (p;, 7{) > 0. Hence,
Gi(p;» ) — Gi(p;»7f) > 0. However, this contradicts
7{ =@ because Gi(-,77) = U™, which implies 0 > 0.
Hence, it must be true that Tf =d.

Note that the above result also implies that if 7} # & for
some j€{l,...,N—1}, then 77 # @ for all i < j. Hence,
for such i < j pairs, adding upward constraints and down-
ward constraints and rearranging terms as above yields
Gy (p), T,L) - Gi(pi, 7;) < Gi(pj, 1) — G(p;, 7f). This
inequality, together with Proposition 1(c), implies 7§ < 7.

Now let c =max{i € 1,..., N | 7¥ # @&} at optimality.
Note that if this set is empty, the problem is trivial. In other
words, if 7¥ = @ for all i, then all IR and IC constraints
reduce to K{ < 0. Hence, at optimality, K7 = 0. Otherwise,
the supplier can increase the K{s to zero and reduce the
objective function value.

If the set is not empty, the rest of the proof follows
exactly the same arguments of the proof of Proposition 4
for i < c. The differences in the proofs are for the boundary
cases when i > c¢. In what follows, we will only provide
the details for those cases.

For example, IR constraints for j > ¢, e.g., G(p;, @) +
K§ < U™, imply that K7 <0 for all j > ¢. Consider i > c.
Upward IC constraints G;(p;, @) + Ki < G;(p;, @) + K§
imply K7 < Kj for any j > i. Downward IC constraints
Gy (pi» @) + Ki < G(p;, @) + Ki imply K < Ki for any
k <i and k > c. Hence, we can replace all upward and
downward constraints and IR for i > ¢ with Kf =K <0.

The set of IR constraints for the retailer with i < ¢
are redundant. In addition, IR for { = ¢ is also redundant
because G¥(p,., 70) + K. < Gi(p,, 7)) +K=U"+K <
U™, The first and second inequalities are from IC and
Ki; =K <0 for j > c, respectively.

The upward IC constraints can be reduced to adjacent
upward IC constraints for all i < c¢. For i < ¢ < j, note
that G} (p;. 7) + K¢ < G2 (pi. 7) + K = G (p;. 1) +K for
all k > j. For k € (i, c], we also have G*(p,, 77) + K{ <

Gi(p ) + K < Gipn 1) + K < Gi(pp 75) + K =
G;(p;» 7)) + K. The inequalities are due to IC;, Proposi-
tion 1(b), and ICy;, respectively. The equality is because
T/‘ = @ for j > c¢. Hence, all upward IC constraints can be
reduced to adjacent upward IC constraints.

The adjacent IC are binding and the downward IC
constraints are redundant for all i,j < c¢. For i < ¢ <
c+1 < j, we show that IC_,, ; implies IC;. We have
Gy (p;» 7)) + K = Gi(peyr> 7o) + K < Gi(pesr» 1) +
K < Gi(p;, 7{) + K{. The first equality is due to 7/ =
7., = . The inequalities are due to IC and Propo-
sition 1(b), respectively. Next, we show that down-
ward IC_,,; for i < ¢ is also redundant. Note that
Gl (Peyr» Te) + K <GPy 7O) + KL< Gy 70) +
Ki + [Gi(pe, ) = G(pe» )] < Gpeyr> 7)) + K +
(G (Pes1> ) = G(Pesrs TO] = GY(Peyr» 1) + K. The
first and second inequalities are due to IC_,, . and IC,,
respectively. The last inequality is from Proposition 1(c)
and 77 > 7¢.

Next, note that IC, .., must be binding. Assume for a
contradiction that G¥(p,, 7°)+ K¢ < Gy (p,, 7, )+ K. This
implies K¢ < K + U™ — G*(p., 7¢). Then, the supplier
can increase K¢ to K 4+ U™ — G*(p,, 7¢) without violating
any constraints, which contradicts optimality. Note also that
IC, .., binding implies IC,,, .. We have G (p.,,, 7,,) +
K= Gi(p,.16,) + K = Gi(pon ) + KE < Gi(peyy 79) +
K. The first and second equalities are from 77, = & and
the binding IC. ., ,, respectively. The inequality is due to
Proposition 1(b).

From binding upward adjacent IC, we have Kf =
Kty = [Gi(pin 1) = Gi(py, 75,,)] for all i < ¢, and K¢ =
K+ UM — Gi(pe,7¢), and K =K <0 for all j > c.
The expressions for K¢ and K{ for all i < ¢ together
imply Ki = K +[U™ = G (p;, 7)] = X [GT(Pe ) —
G*(py_y» )] forall i < c.

Assume for a contradiction that K < 0. Then, the sup-
plier can increase K to zero, and hence increase Kf
for all i > ¢ by the same amount, without violating any
constraints. This contradicts optimality. Therefore, K{ =
K =0 for all j > c. Hence, Gi(p., 1)+ K=U"
and Gy(p;. 7)) + Kf = U™ — Y ,[Gi(pe ) —
G*(py_,, 7f)] for all i < c. Iteratively solving for K{ and
plugging it into the objective function yields the opti-
mal solution Y i_, A{[G(7F) + G (p;, 77) — U™ |+ A,/
MGy (pi ) — Gi(piy, T} + ZZN:CH LUT < UM
The inequality is due to the IR. This inequality implies the
condition on the cutoff level presented in the statement of
the proposition.

PrOOF OF PrOPOSITION 8. To prove part (a), from Equa-
tion (1), we have (9/3y)<,(y) = (1 —a)c, — ' (p, + h,) +
a'(p, + h,)F,,(y), which is increasing in y. Because
p, = P implies o/(p, + h,) — (1 — a@)c, > 0, we have
(3/0y)%,(0) = (1 — a)c, — a'(p, + h,) < 0. Note also that
lim, . (9/dy)%.(y) = (1 —a)c,+a'(h, — h) > 0. Hence,
there exists a positive finite y such that (9/dy)<,(y) =0,
and it is the y” given in part (a).
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To prove part (b), from Equation (3), we have
J L
_‘S’Ps(y) = (1 - a)cs +a hs
dy

+ ot E[IP'”(y D] (12)

From Equation (2), we have

a m
Pl Sy L0,y
—IP"(y) =17

dy
0, y >y

By the definition of y!", the above function is continuous
over all x. We define the first derivative of &, (y) in two

regions.
When y <y, then y —u <y for all u. Hence, from
Equation (12), we have
9
—
3 ()

© 9

= (1= a)e,+a h+ @ [ 2=, (v =) fy () du
o dy

= (l - OZ)CX + ath + OZLJrI [(1 - OZ)C,. - al(pr + hv)]

£, 4 )y (). -

which is increasing in y.
When y > y”, we have (d/dy)IP"(y — u)
y —y". Hence, from Equation (12), we have

=0 for u <

d

@iﬁs(y)

= (1-a)c, +ah, +a*"! / 2t (5= ) fir ()

3y
= (1 - CV)CX + ath + aL+] [(1 - O()C,. - al(pr + hv)]
: [1 - FL+l(y - y:ﬂ)] + aL+l+] (pr + hr)

’ .{iov/_u Fl+1(y - “)fL_H(M) du, (14)

which is increasing in y over the region y > y/
because (22/33°)%,(y) = a4 (p, +1,) [, i (v — 1)
fi41(u) du > 0. Because it is also increasing in the other
region, (0/dy)<,(y) is increasing in y for all y.
Because p, > P, we have (9/3y)%,(0) = (1 — oz)cs +
Lh + a1 - a)e, — d(p, + h)] < 0, and
yw(a/ay)g ») = (1 — a)c, + ath, > 0. Hence,
(8/6’y)§£ (y) crosses the zero line only once, and y”
defined as the unique point where it crosses zero.
When p, < H, we have (9/dy)%,(y") = 0. Therefore,
€ [0,y”] and it is obtained by setting Equation (13)
equal to zero; i.e., (4/dy)<,(y") = 0. Solving for y yields
the closed-form solution in part (b). Note that y” < y”.

When p, > H, we have (9/dy)%,(y") <0. Hence, y" €
(¥, 00) and it is the y that sets Equation (14) equal to zero.
Note also that y" > y.

The installation base-stock levels are obtained from their
definition; i.e., ¥, = min{y”, y”'} and Y, = max{y" — y”, 0}.

ProoF oF ProposiTION 9. To prove part (a), note that
Y, =y" when p, > H. We set Y, = F_|((¢!(p, + h,) —
(1 a)e,) /e (p, + 1) = Fibo((p, — (1= @)e,)/(p, +
h,)) =Y*(7). Applying F,,(-) to both sides and rearrang-
ing terms yields the threshold B(7). Note that when i, <
B(T), Y, <Y'(p,, 7). Note also that B(7) is increasing in
T because F, |, ,(x) > F,, .(x) forany x >0 and 7 < 7'.

Part (b) follows immediately from Proposition 8(b) and
the definition of Y(7). O

Proor oF ProrosiTiON 10. The proof follows from con-
cavity and Proposition 2(a) and 2(b). O

PROOF OF PROPOSITION 11. First, recall from Proposi-
tion 5(c) that 7 = 71 Hence, 7{ = {0, L + 1} because
G*(7) + G*(p,, 7) is concave. Second, consider the two
trivial cases. Note that L+ 127/ 27 > --- 277 20
from Proposition 5(a). Hence, if 7 =0, then 7* =0 for
all i. Similarly, if 7y =L+ 1, then 7/ =L + 1 for all i.
Parts (a) and (b) and the expression for K; follow from
Proposition 4(a). Next, consider 7 = L+1 and 75 # L+ 1.

Note that each term in the objective function (6) is
concave in 7, that is, W;(7) = A[G*(T) + G*(p;, 7)] +
Xl-,l[Gt(pl-, T) — G*(p;_;, 7)] is concave in 7. Let 7™ be
the smallest maximizer.

Next we show that 7{ e {7{, 77,} for i € {2,.

— 1}. Assume for a contradiction that 77, > 77 >

7. We consider three cases: 7" < 7, 7" > 7f, and
T =7t If T , then (8/37)Wi(7) < 0 for all TE
[78, 7). Therefore, the supplier can increase 7 to T/,
and reduce her expected cost without violating the mono-
tonicity constraint in (6), contradicting the optimality of 77.
If 7™ > 77, then (9/dT)W;(1) > 0 for all 7 € (77, ,].
Therefore, the supplier could decrease 7/ to 77 ; and reduce
her expected cost without violating the monotonicity con-
straint in (6), contradicting the optimality of 7{. If 7™ =
77, then 7; € {7{, |, 7} yields a lower expected cost for the
suppher without violating monotonicity, again contradict-
ing the optimality of 7. Therefore, for all i € {2,..., N —
1}, we must have 77 € {7{,, 7%, }. Similar arguments lead
to 7y € {15y_;, 0}.

The above result implies that there exists a finite strictly
increasing sequence ki, k5, ..., k, (where k, = N) for some
nz0suchthat i =7f=-- =7 =L+ 1,70, ="
Ty =Tpps---and 78 =1 = =7 | =715 =7 .
In other words, there are n segments. Next, we show that
in fact n < 2, i.e., there can be at most two such segments.

Consider the segment k; for some j € {2,...,N — 1}.

k/ * *
Note that W, (7, ) =Ly, {MlGI () + G (pes 7 )+

max
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Xt [GE(pys 7,) — G7(pi_1» Ti,)]} is also concave in 7 .
Let T,ﬁ‘/‘_a" be the maximizer of ij(Tkj). Following the same
arguments as above, one can show that 7, € {1, .7 }.
J Jj—1 Jj+l1
Hence, the n segments can be reduced to n — 1 segments,
that is, there exists a new finite strictly increasing sequence
k|, Kk}, ..., k,_,. This argument can be applied iteratively
until the sequence of numbers is reduced to two numbers,
and hence two segments. Therefore, there exists an m such
that ¥ =71=L+1for i <m and 7/ =75 #0 for i > m.
The expression for K¢ follows from Proposition 4(a). O

PRrOOF OF PrROPOSITION 12. Let G*(n) be a general form of
the optimal expected cost function, where n is the number
of periods of uncertainty, i.e., n = L+ 1 — 7 for the supplier

or n =141+ 7 for the retailer. Then, from (9), G*(n) =
Fy N (p/(h+p))

pnp — (h+p) [y
and penalty costs & and p.

To prove part (i), when F(-) is Normally distributed, the
optimal base-stock level is Y* = F~'(p/(h + p)) = nu +
zo+/n, where z = ®~!(p/(h + p)). The resulting optimal
cost is G*(n) = (h+ p)d(z)o+/n. Hence, G*(n) depends
on 7 only through \/n, which is concave in 7 for both
n=L+1—7and n=1+1+ 7. Note also that we have
G (pi» 7) =G (piy, T) = [(h, +p) d(P(p;/(h, +Pp;)) o —
(h, +pi_)$(P(p;_y/(h, + p;_1)))o ]I+ 1+ 7. The term
in brackets is the difference between optimal inventory cost
functions with [ =7 =0 and penalty costs p;, and p,_,,
respectively. From Proposition 1(b), this term is positive.
Hence, G*(p;, 7) — G*(p,_,, 7) is concave in 7.

To prove part (ii), we define A,G*(n) = G*(n) —
G*(n —1). To show that G*(n) is concave in n, we show
A,G*(n) > A,,,G*(n). By algebra, this inequality holds
when

uf,(u) du for generic holding

Fo L (p/(h+p)) F7 N (p/(h+p))
| ufy () du—2 [ uf, (u) du
0

E2 (p/(h+p))
+/ uf,_,(u) du > 0. (15)
0

Letting r = p/(h + p), we note that the left side of (15)
equals zero for r € {0, 1}. The second derivative of the left
side of (15) with respect to r equals 1/f,  (F,;'(r)) —2/
fu(FE7YN(r)) + 1/f,_1(F ' (r)), which must be negative
for (15) to be true for all r € (0, 1). That is, [f,(F, ' (r))]™"
must be concave in n.

Next, we show that G*(p;, ) — G*(p,_,, T) is concave
in 7. To do so, we show that (3/dp,)[G*(p,,T) — 2G* -
(p,,™— 1)+ G*(p,, 7 — 2)] < 0. From (9), the above is
equivalent to

FA e (pe/ (htp,))
A ufl+1+7' (I/l) du

FiL(pe/(hetpy)
— 2/0 uf,,(u) du

Fil o/ (hy+p,) wd } h )
—i—[ ufy. . (u)du |+ .
0 fiso (hr+pr

-1 DPr —1 Pr
'|:Fl+1+r<h +p.> _2Fl+r<h +p )

N e | ECR

The limit of the left side of (16) as r = p,/(h, + p,) goes
to one equals ({+1+7nu—-2(l+7)p+({U+7—-1)-
@ = 0. Hence, (16) holds as long as the derivative
of the left side with respect to r is negative. This
derivative equals (1 — [1/fi, 1, (Frh ) () — 2/ i, -
(F72(r)) + 1/ fi o (FZL_ (r))], which is negative when
[f,(FE~'(r))]7" is concave in n. O

PrROOF OF PrROPOSITION 13. The proof is deferred to the
online companion that can be found at http://or.journal.
informs.org/. [

Endnotes

1. Recent information technologies such as compliance
management systems and RFID have been cited as enablers
for accounting of service- and quality-related activities
across the supply chain (Lee and Ozer 2005).

2. In §5, we show that the retailer follows a stationary
base-stock policy, so the retailer orders in each period
to recover the previous period’s customer demand. As a
result, the supplier observes the same demand stream as the
retailer.

3. We drop the subscript ¢ from the definition of D"*! for
brevity.

4. This alternative source may be a finished-goods inven-
tory carried either by another firm or for another retailer.
It may also represent production or processing resources
lent by another operation. To our knowledge, this alterna-
tive source concept appeared first in Lee et al. (2000). See
also Graves and Willems (2000), who assume guaranteed
service between every stage in a supply chain.

5. We note the difference between the centralized (first-
best) solution concept used in supply chain contract-
ing literature and the central control concepts used in
multiechelon inventory literature. In the literature, these
nomenclatures are rarely discussed together. This is due to
the fact that most papers either study coordination issues
in supply chain contracting for a single-period problem
(as in Cachon 2003), or they study central and local control
in multiechelon inventory problems under full information
(as in Axsiter and Rosling 1993).

6. Inventory at firm j and downstream plus the pipeline
inventory to firm j minus customer backorders.

7. Inventory on hand at firm j plus its pipeline inventory
minus the backorder due to downstream location’s order (or
customer demand for j =r).

8. Using a similar argument in Veinott (1965), the inven-
tory control problem with linear salvage value for each firm
is converted into an equivalent problem with zero salvage.
9. We use the term decreasing and increasing in the weak
sense, so decreasing means nonincreasing.
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