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Proof of Lemma 1. Assume for a contradiction that z; < x4, we have 0 < Vf(z,—1) <
Vg(xzy, — 1). The first inequality is due to the assumption z; < z,; the second one is due to
the statement Vf(z) < Vg(z). Then Vg(z, — 1) > 0 but this contradicts the definition of

x4 as the smallest minimizer. Hence x; > . O

Proof of Lemma 2. For all z and ¢,
t+L+1
VVi(x —€,0) = VGix —¢€)+aEVJ(x —€—0ppin1 — Z Dy s, 0p41)

s=t
t+L+1
S VGt(.'L') + OéEVJH_l(LE — € — Ot,t—i—L—i—l — Z Dt,s, Ot+1)

s=t
= VVi(z,o0+e€e). (1)
The inequality is due to the convexity of G(z). Notice that the smallest minimizer of V;(z —
€,0) is nothing but (o) + €. This together with Lemma 1 implies y:(0 + ee;) < y(0) + €.

From equation (8) in Ozer and Wei [1], we have

<0, x<yo)—Q
Vii(z,0){ =0, 5(o)—Q <z <uo) (2)
>0, y(o) <z

Next we prove VJi(z — €,0) < VJi(z,0+ €ep) for all x and t. To do so, we use the above

equation (2) and equation (8) in Ozer and Wei [1], and consider 9 cases:

Case 1: x—e < y(0) —Q and © < y(0+e€e1) — Q) then VJy(x —€,0) = VVi(z —e+Q,0) <
VVi(x + Q,0+ eey) = VJ(z,0+ eey). The inequality follows from equation (1).

Case 2: z —e < y(0) —Q and y(o+ee;) —Q < x < y(o+ €ey) then VJ(z —€,0) <0 =
VJi(z,0+ eey).

Case 3: © —e < y(0) — Q and y(o + €ey) < x then VJi(x —€,0) <0 < VJi(z, 0+ €ey).

Case 4: y:(0) — Q < z—¢€ < y(0) and = < y(o + ee;) — @ is not possible, since
r<ylo+ee;)—Q <y(o)+e— Q.

Case 5: y1(0) —Q < z—e < y(0) and y(0+e€e1) —Q < x < y(0+€e;) then VJy(x—e€,0) =
0= VJi(z,0+ eey).

Case 6: y:(0)—Q < z—e < y:(0) and ys(0+€e;) < x then VJi(z—e,0) = 0 < VJi(x, 0+€ey).



Case T: y(0) <z —eand x < y,(0+ €e;) — @ is not possible as in Case 4.
Case 8: y(0) <z —e and y(0o+e€e;) — Q <z < y(0+ €eq) is not possible as in Case 4.

Case 9: y:(0) <z —e and y(0+ €ey) < x then VJi(z —€,0) = VVi(z —€,0) < VVi(z,0+
ee;) = VJi(z, 0+ eey). The inequality follows from equation (1). O

Proof of Lemma 3. Since H,(z,0) is increasing in « (Theorem 5) , the first part follows
immediately from equation (6) in Ozer and Wei [1]. The second part is shown in the proof

for Theorem 5. O

Proof of Lemma 4. For all ¢ and any o, we have

t+L+1
Hy(x —€,0) = Ki+Gi(r—e+Q)+aF [Jt-i-l(gf —€+Q — Opqrr41 — Z Dy, Ot+1)]
s=t
L+ L+1
—Gt(iﬂ - 6) - K |ij+1 (x — € — Ot t+L+1 — Z Dt,sa Ot—i—l)]

s=t

t+L+1
K+ Gt@ =+ Q) —Gi(r) + ok [Jt-l-l(x —€e+Q —Oppqr41 — Z Dy s, 0t+1)

s=t

IA

t+L+1
—Jt+1($ — € — Ot t+L+1 — Z Dt,sv Ot—i—l)]

s=t
= Hy(z,0+ e€eq)
The inequality is due to the convexity of Gy(z). From equation (7) in Ozer and Wei [1],
min{z : Hi(z —€,0) > 0} = s;,(0) + €. Because H;(x,0) is increasing, we have s;(0 + ee;) <

s:(0) + €. From equation (10) in Ozer and Wei [1], we have

Hi(x +Q,0) — Ky < =Ky, v < 5:(0) — Q
Ji(x +Q,0) — Ji(z,0) = ¢ —K,, si(0) — Q <z < s4(0) (3)
Ht(l',O) — Kt Z —Kt, St(O) S i
Next we show that Jiy(z — e+ Q,0) — Ji(x —€,0) < Jy(z + Q,0+ €e1) — Ji(z,0+ €ey). To do
so, we use equation (3) and consider 9 cases:
Case 1: x — e < s¢(0) — Q and = < s;(0+ €ey) — @ then Jy(z — e+ Q,0) — Ji(x —€,0) =
Hi(zx—e+Q,0) — Ky < Hi(x 4+ Q,0+¢€ey) — Ky = J(x + Q,0+ eey) — Je(x, 0+ eey).
Case 2: x — € < s4(0) — Q and si(0+€e1) — Q < x < s4(0+ eey) then Ji(x — e+ Q,0) —
Ji(x—e0)=Hi(x —e+Q,0) — Ky < —K; = J(z + Q,0+ €e1) — Je(x, 0+ €ey).
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Case 3: z — € < s(0) — Q and s4(0 + €e1) < x then Jy(x — e + Q,0) — J(z — €,0) =
Hi(x —e+Q,0) —Ky < H(z,0+e€e) =Ky = Jy(x + Q, 0+ €er) — Ji(x, 0+ €eq).
—_————

<0 >0
Case 4: s(0) —Q <z —€ < s5(0) and © < s:(0 + €e;) — @ is not possible because

x+Q < si(o+eer) < si(o0) +e.

Case b: s1(0) —Q <z —e < 5(0) and si(0+€e1) — Q <z < si(0+ €ep) then Jy(z — e+
Q,0) — Ji(x —€,0) = =Ky = Ji(x + Q, 0+ €ey) — Ji(x,0+ €ey).

Case 6: s4(0) —Q <z —e€ < 5,(0) and s;(0+¢€ey) < x then Jy(z —e+Q,0) — J(x —¢€,0) =
—K; < Hiy(x,0o+ee1) — Ky = Ji(x+ Q,0+eer) — Ji(x,0+ eeq).

Case 7: s¢(0) <z —eand x < s¢(0+ €ey) — @ is not possible as in Case 4.
Case 8: s4(0) <z —eand s (0+€e1) — Q < x < s4(0+ €ep) is not possible as in Case 4.

Case 9: s;(0) < o —e€ and s(0+€eey) < x then Ji(x — e+ Q,0) — Jy(z —€,0) = Hy(x —
€,0) — Ky < Hy(x,0+¢€ey) — Ky = Ji(x + Q,0+ €ey) — Ji(x, 0+ eey). |
Proof of Theorem 3. For Part 1, we show that VV;(z,0|Q2) > VVi(z,0|Q;) for all t.
For t = T, it holds as an equality since VVip(x,0) does not depend on ). Assume for an
induction argument that the inequality is true for ¢, then y(0|Q2) < y:(0|@1) (Part 1 for ¢)
follows from Lemma 1. Next we show that this implies VJi(x,0|Q2) > VJi(z,0|Q1). To do

so, we use equation (2) and the induction argument and consider 3 cases:

Case 1: © < y(0|Q2) — Q2 then VJi(x,0|Q2) = VVi(z + Qa,0|Q2) > VVi(z 4+ Qa,0|Q1) >
VVi(z + Q1,0|Q1) = VJi(z,0|Q1). The second inequality is due to the convexity of Vi(z, o).

Case 2: y(0|Q2) — Q2 < x < y(0|@Q1) then VJi(z,0|Q2) > 0> VJ(z,0|Q1).
Case 3: y(0|Q1) < x then VJi(x,0|Q2) =V Vi(z,0|Q2) >VV,(x,0|Q1) = VJi(x,0|Q1).

The three cases above and equation (4) in Ozer and Wei [1] imply that VV,_;(z, 0|Q2) >
VViei(x,0|Q1), concluding the induction argument and the proof for Part 1.

For Part 2, note that increasing the capacity limit is equivalent to relaxing the constraint

set in the dynamic program. Hence the result follows immediately. ]

Proof of Theorem 7. The proof for Part 1 is a simple induction. Since K% > K1

Jr(z,0|K?) = min{ K% + Gr(z + Q), Gr(x)} > min{K; + Gr(z + Q), Gr(x)} = Jr(z, oK),

il



Hence it is true for ¢ = T. Assume it is true for ¢, then V,_i(z,0|/K?) = Gy_1(z) +
aEJi(2',0|K?) > Gi_1(x) + aEJ,(2',O|K") = V,_1(z, 0| K'). Consequently, J;_;(z,0|K?) =
min{K? | + Vi1(x + Q|K?),V,_1(z|K*)} > min{K} | + Vi_i(z + Q|K"),Vi_i(z|K')} =
Jt—l(an|K1)'

We prove Part 2 and 3 by induction. For t = T, Hr(z,0|K?) = K2+ Gp(z+Q) —Gr(z) >
K} + Gr(x + Q) — Gr(z) = Hy(x,0|K"). Hence Part 2 is true for t = T. Now assume that
Part 2 holds for ¢, Part 3 for ¢ follows immediately because Hy(x,0) is increasing in . Next
we show that K7 + Jy(z + Q, 0| K?) — Ji(z,0|K?) > K} + Ji(z + Q, 0| K') — Jy(z,0|K'). To
do so, we use equation (3) and the induction argument and consider 9 cases:

Case 1: x < s;(0|K?) — Q and z < s;(0|K') — Q then K? + J,(z+ Q, 0| K?) — Jy(z, 0| K?) =
Hy(z + Q,0|K?) > Hi(z + Q. 0| K') = K + Ji(x + Q,0|K") — Ji(x, 0| K7).

Case 2: & < 5,(0|K?)—Q and s,(0| K')—Q < x < s,(0|K") is not possible since s; (0| K?) <
si(o| K1),

Case 3: z < s,(0|K?) — Q and s;(0|K') < z is not possible since s;(0|K?) < s;(o|K!).

Case 4: 5,(0|K?) — Q <z < 5,(0|K?) and z < s4(0|K') — Q then K? + Ji(x + Q, 0| K?) —
Ji(x,0|K?) = 0> Hy(z + Q,0|K') = K} + Ji(x + Q,0|K") — Jy(z, 0| K").

Case 5: s:(0|K?) — Q < z < s4(0|K?) and s;(0|K') — Q < z < s4(0|K') then K? + Jy(z +
Q,0lK?) = Ji(z,0|K}?) = 0= K| + Ji(x + Q,0|K*) — Jy(w, 0| K*').

Case 6: s,(0|K?) — Q < z < 5,(0|K?) and s;(0|K') < x is not possible.

Case T: s4(0|K?) < x and = < s;(0|K') — Q then K? + Ji(z + Q,0|K?) — J;(x,0|K?) =
Ht<l‘, 0|K2) >0> Ht(l' + Q, 0|K1) = Ktl + Jt<l’ + Q, 0|K1) — Jt<l’, 0|K1).

Case 8: s;(0|K?) < x and s,(0|K') — Q < x < s;(0|K') then K? + Jy(z + Q,0|K?) —
Ji(z,0|K?) = Hy(z,0|K?) > 0= K} + Ji(z + Q,0|K") — J,(x, 0| K").

Case 9: s4(0|K?) < z and s;(0|K') < x then K? + Ji(z + Q,0|K?) — Ji(z,0|K?) =
Ht(xa O|K2) Z Ht(x7 0|K1) = Ktl + Jt(x + Qa O|K1) - Jt(xa O|K1)'

We complete the induction argument by showing Part 2 for ¢ — 1. From equation (4) and
(6) in Ozer and Wei [1], we have H,_;(z,0|K?) = K2 | — aK? 4+ Gi_1(z + Q) — Gy_y1 () +
OZE[KE + Jt(l'l +Q, O|K2) — Jt<l’/, O|K2)] Z Ktl_l — OZKtl + Gt—l(x+ Q) - Gt—l(x) +OZE[Ktl +
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Ji(@ + Q,0|K") — J(«/,O|K")| = H;_1(x,0|K;) The inequality is due to the condition and

the above 9 cases. O

Proof of Theorem 8. For Part 1 and 2, we first prove that for any given o, J,(z+@Q, 0) —
Ji(z,0) < Jpi1(24+Q, 0)—Jy1(x, 0) for < s4(0). Fort = T, we prove Jp(x+Q, 0)—Jr(x,0) <

0= Jry(x+ Q,0) — Jrii(z,0) for & < sp(o) by using equation (3) and considering 2 cases:
Case 1: z < sp(0) — Q then Jr(z + Q,0) — Jr(z,0) = Hp(x + Q,0) — K < 0.
Case 2: sp(0) — Q < x < sp(0) then Jp(z+ Q,0) — Jr(z,0) = —K < 0.

Assume for an induction argument that this inequality holds for t. We can show that
Hy1(z,0) < Hy(zx,0) for z < s4(0) through an argument similar to that of Theorem 4.
Because H;_1(x,0) is increasing, s;—1(0) > s:(0) follows from the definition (equation (7) in

Ozer and Wei [1]). We complete the induction argument by considering 2 cases:

Case 1: © < s4(0) — @ then Ji_1(z + Q,0) — Jioi(x,0) = Hi_1(z + Q,0) — K < Hy(x +
Q,0) — K = Ji(x + Q,0) — Ji(z,0).

Case 2: s:(0)—Q < x < s;—1(0) then from equation (3) we have J;_; (z+Q, 0) — Ji—1(z,0) <
—K < J(z 4+ Q,0) — Ji(z,0).

For Part 3, note that since G(x) is nonnegative, Jr(z,0) = min{K + G(z + Q),G(z)} >
0 = Jpy1(z,0). Hence Part 3 is true for t = T. Assume it is true for ¢, then V;_i(z,0) =
G(z) + aEJ(2',0) > G(x) + aEJi1 (2!, 0) = Vi(z,0). Consequently, J;_1(z,0) = min{K +
Vici(x +Q), Visi(x)} > min{K + Vi(z + Q), Vi(z)} = Ji(x, 0). 0

Proof of Theorem 9. For any policy Y we define the total expected cost for the
(T — t)-period problem as By(z,0|T,Y) = EX1_, o 'G(y;), and the total expected cost for
the infinite horizon problem as B(x,0Y) = Elimp_ >/, 0 'G;(y;). By the monotone
convergence theorem, limy_. o, Bi(z,0|T,Y) = B(x,0|Y). Let Y* be an optimal policy for
(T — t)-period problem, then Ji(x,o|T) = Bi(x,o|T,Y*) < By(x,0|T,Y) < B(x,0]Y). Using
a similar argument in Federgruen and Zipkin [2] (pg 210, Theorem 1), we can show that
B(z,0lY) = O(|z|?). Hence {Ji(z,0|T)} is bounded above. From Theorem 4 {.Ji(x,o|T)}
is increasing in T'. Therefore, it converges to a limit J(x,0) which inherits convexity and

coerciveness from Ji(x,o|T), completing the proof for Part 1.



For Part 2, since EJ(z — o' — Z,0) < oo for all z, V(x,0) is well defined. The con-
vexity and coerciveness of V' follows from those of G and J, so yo(0) is finite. Since
each Jy(z,0|T) < J(x,0), by the Lebesgue Convergence Theorem, EJ;(z — o' — Z,0|T) —
EJ(x—o0'—Z,0),so V,(x,0|T) — V(z,0). To prove that limz_... 1:(0|T) = Yoo (0), we define
y(o) = sup{y(o|T)}3°, and use contradiction. If y..(0) < y(0), then choose N such that
Yoo (0) < yi(0|N) < y(0). For T > N,

ye(o|N)—1 yt(o|N)—1
Vi(yso(0),0|T) = Vi(ye(0|N),0|T) = = > VVi(y,o|T)>— > VV(y,0|N)>0,
Yoo (0) Yoo (0)

the first inequality is due to Theorem 4 Part 1 and the second inequality is a result of our
choice for N. Taking the limit of the first term we have V(y(0),0) > V(y:(0|N),0), con-
tradicting the optimality of ys(0). On the other hand if y..(0) > 7(0), then since V;(y, o|T)
is increasing for y > y(0) > y(o|T) for all T' > ¢, we have Vi(7(0),0|T) < Vi(yo(0),0|T) <
V(Yso(0),0). Therefore, V(y(0),0) — Vi(y(0),o|T) > V(y(0),0) — V(yx(0),0) > 0, because
Yoo(0) is the smallest minimizer of V'(z, 0) and y(0) > 7(0) by assumption. But this contra-

dicts Vi(y(0),0|T) — V(y(0),0).

For Part 3, take the limits of both sides of the functional equation for finite horizon
problem given in equation (3) in Ozer and Wei [1] with K = 0. The left hand side con-
verges to J(z,0). By Part 2, the smallest minimizer y;(o|T) converges to y(0), therefore

Ming<y<,+Q Vi(y, 0|T) — ming<y<.1q V(y,0). O

Proof of Theorem 10. The total expected cost can be decomposed into two parts:
fixed cost; and production and inventory cost B(x,0|Y"). Suppose the fixed cost were charged
in every period regardless of the production decision, the maximum total fixed cost during
infinite horizon would be {£-. Therefore, Elimy .o ¥1_, Ko(y; — x;) + 0 'G;(y;) < 12 +
B(z,0]Y) = O(|z|"). Note that B(z,0|Y) = O(|z|P) still holds because all-or-nothing policy
is a subset of the admissible policies. Therefore, by an argument similar to that in the proof

of Theorem 9, we can show that {J,(z,0|T")} is bounded above. From Theorem 8, We also

know that {J;(z,0|T")} is increasing in 7. Hence it converges to a limit J(z, o).

For Part 2, note that EJ(x — o' — Z,0) < oo for all z, so V(x,0) is well defined. Since
each Jy(z,0|T) < J(z,0), by the Lebesgue Convergence Theorem, EJ,(z — o' — Z,0|T) —
EJ(zx — o' — Z,0), so Vi(x,0|T) — V(z,0), and Hy(x,0|T) — H(x,0). Since Hy(x,0|T) is

vi



increasing, H(x,o0) is increasing. To prove that limp_, $¢(0|T) = sx(0), we define 5(0) =
sup{s:(o|T)}72, and use contradiction. If ss(0) < 5(0), then choose N such that s, (0) <
st(0|N) < 5(0). By Theorem 8, Hi(Sx0(0),0|T) < Hi(S00(0),0|N) < 0 for T > N. Hence
H(s00(0),0) < 0, contradicting the definition of so.(0). If s00(0) > 5(0), we have H(5(0),0) < 0
and H;(5(0),0|T) > 0 for all T' > t. Hence H(5(0),0) — H(5(0),0|T") < 0, but this contradicts
H(5(0),0|T) — H(5(0),0).

For Part 3, take the limits of both sides of equation (5) in Ozer and Wei [1], the left hand
side converges to J(z,0). By Part 2, s;(o|T") converges to s«(0), therefore min{K + Vi(z +
Q,o|T),Vi(z,0|T)} — min{K + V(z + Q,0),V(x,0)}. O
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